TECHNISCHE HOGESCHOOL DELFT
WTHD 52 S DELFT UNIVERSITY OF TECHNOLOGY

ON THE ROLLING CONTACT OF TWO ELASTIC BODIES
IN THE PRESENCE OF DRY FRICTION

by
J. ). Kalker

LABORATORIUM VOOR
Augustus TECHNISCHE MECHANICA 5 2

1973 DELFT






DEPARTMENT OF MECHANICAL ENGINEERING
Delft University of Technology
the Netherlands

ON THE ROLLING CONTACT OF TWO ELASTIC BODIES

IN THE PRESENCE OF DRY FRICTION

by
J.J. Kalker

WTHD No. 52
August 1973

Laboratory of Engineering Mechanics
Mekelweg 2, Delft






First edition 1967
Second edition 1973
Third edition 1987
Fourth edition 1992






DEPARTMENT OF MECHANICAL ENGINEERING
Delft University of Technology
the Netherlands

ON THE ROLLING CONTACT OF TWO ELASTIC BODIES
IN THE PRESENCE OF DRY FRICTION

by

J. Jd. Kalker

WTHD No. 52
August 1973

Laboratory of Engineering Mechanics
Mekelweg 2, Delft.



Reprint of doctor thesis 1967.



On the rolling contact of two clastic bodies

in the presence of dry friction

by J.J. Kalker

Errata.

page 23. formula number (2.10) should read (2.20)

page 56. eq. (3.38) L(A-B)2 = etc. should read

4(A-B)2 = &%;-.l—az + Ll‘..l-gz +

page 66. formulae (4.6) and (4.7)

4 - -
(v, - V) should read (V; - V.

page T8, 2nd eq. (k4.38)
v_téx should read v +¢x !
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Samenvatting.

Twee zuiver elastische, volkomen gladde omwentelingslichamen
worden op elkaar gedrukt, zodat een eindig contactgebied ontstaat.
Vervolgens worden zij om hun assen gewenteld zodat'zij over elkaar
rollen, Indien men een koppel aanbrengt op het ene lichaem en af-
neemt van het andere, dan blijken de omtreksnelheden van de lichemen
niet gelijk te zijn, zelfs indien de overgebrachte kracht kleiner is
dan het produkt van wrijvingsco€fficiént en normaalkracht. Dit ver-
schijnsel wordt de "gemiddelde slip" (Engels: creepage) van de
lichamen genoemd. Is er loodrecht op het contactvlek een component
van rotatie van de lichamen ten opzichte van elkaar, dan spreekt men
van "spin", In deze dissertatie worden de verschijnselen in het con-
tactvlak bestudeerd; in het bijzonder vordt de betrekking gezocht
die het verband aangeeft tussen de éemiddelde slip en spin enerzijds
en de totale tangenti&le kracht, die de lichamen op elksar uitoefenen,
anderzijds.

Na een historische inleiding in Hoofdstuk 1, worden in Hoofdstuk
2 en Hoofdstuk 3 een aantal wiskundige hulpmiddelen besproken, die
voor de hier gegeven behandeling van het probleem noodzakelijk zijn.
Wat betreft het elastische gedrag worden de omwentelingslichamen door
elastische halfruimten benaderd en wij zullen dus de elastische ver-
plastsingen onderzoeken, die worden teweeggebracht door verdeelde
belastingen van verschillende gard, die sangrijpen in een elliptisch
gebied gelegen in het overigens spanningsvrije oppervlak van een
elastische halfruimte., Dit onderzoek leidt tot het opstellen van een
stelsel lineaire vergelijkingen waarmee de verplastsingen in de be=~
lasting kunnen worden uitgedrukt. Dit stelsel is geschikt om de
randvoorvaardeproblemen uit de elasticiteitstheorie op te lossen,
waartoe sommige contactproblemen sanleiding geven,

In Hoofdstuk 4 keren wij terug tot het oorspronkelijke probleem.
De rendvoorwaarden worden opgesteld, en het aantal parameters dat het
probleem bepaalt, wordt tot vijf teruggebracht. Tevens worden een aan-
tal symmetrie eigenschappen besproken. Hoofdstuk 4 is verder gewijd
asn de theorie van twee grensgevallen, t.w, het grval van zeer kleine

(infinitesimele) gemiddelde slip en spin, en het geval van zeer grote
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gemiddelde slip en spin (volledig doorglijden). De behandelings-—
methode van het eerste geval is afkomstig van DE PATER Eﬂ, en werd
door KAIKER [1] toegepast op cirkelvormige contactgebieden, De
methode wordt hier toegepast op elliptische contactgebieden, waarbij
de theorie van Hoofdstuk 2 wordt gebruikt., Het geval van volledig
doorglijden werd reeds behandeld door LUTZ [1,2,3] en WERNITZ [1,2].
Zij losten het probleem op voor het geval dat de gemiddelde slip de
richting ven een der hoofdassen van de contactellips heeft. De
theorie van Hoofdstuk 4 is niet aan deze beperking onderhevig.

In Hoofdstuk 5 wordt een numerieke methode beschreven voor het
algemene geval van eindige gemiddelde slip en spin, waarbij al dan
niet volledig doorglijden optreedt. Het probleem wordt eerst terugge-
bracht tot de minimaelisatie van een oppervlekte-integrasl. Daarna
wordt een numerieke methode besproken wasrmee de integrsal kan worden
geminimaliseerd., Er wordt vervolgens uitvoerig ingegasn op het reken-
machineprogramma dat de mmerieke methode verwezenlijkt en tenslotte
worden de resultaten toegelicht, Er bestaat een redelijke overeen=-
stemming met het experiment.

In Hoofdstuk 6 worden een aantal conclusies getrokken en enige

projecten voor nader onderzoek aangeduid.
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Summary.

Two purely elastic, perfectly smooth bodies of revolution are
pressed together, so that a finite contact area forms. Then they are
rotated about their axes, so that they roll over each other., If a
couple is applied to one body and tasken from the other, the
circumferential velocities of the bodies appear to be no longer
equel, even in case the force transmitted is smaller than the product
of the coefficient of friction and the normal force. This phenomenon
was called "creepage" by CARTER [1]. If there is, perpendicular to
the contact area, a component of rotation of the bodies with respect
to each other, "spin" is said to be present. In this thesis, the
phenomena in the contact area are studied and in particular the
relationship is sought which connects the creepage and the spin on
the one hand, and the total tangential force which the bodies exert
upon each other on the other hand.

After a historical introduction in chapter 1, we discuss in
chapter 2 and chapter 3 a number of mathematical tools which are
needed for our treatment of the problem., As far as the elastic
behaviour is concerned, the bodies are approximated by elastic half-
spaces. So we investigate the elastic displacements which are due to
distributed loads of different types acting in an elliptical area of
the surface of an elastic half-space, while outside the elliptical
area the surface is free of traction. This investigation leads to the
construction of a system of linear equations by means of which the
displacements can be expressed in terms of the surface tractions.
This system enables us to solve the boundary value problems of the
theory of elasticity which correspond to several contact problems.
Chapter 3 finishes with an application of this method to a number of
well-known contact problems.

In chapter 4 we return to the original problem. The boundary
conditions are set up, and the number of parameters defining the
problem is reduced to five. Also, a number of symmetry properties is
discussed. The remainder of chapter 4 contains the theory of two
limiting cases, viz. the case of very small (infinitesimal) creepage

and spin, and the case of very large creepage and shin (bodily
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sliding). The method of treatment of the former case is due to DE
PATER [1], and it was applied by KALKER [1] to circular contact
areas., Here, the method is spplied to elliptical contact areas, using
the theory of chapter 2, The case of bodily sliding has been treated
by LUTZ [1,2,3] end WERNITZ [1,2]. They solved the problem for the
case that the creepage has the direction of one of the principal

axes of the contact ellipse. In chapter 4, this restriction is
removed.

In chapter 5 a numerical method is given for the genersl case of

finite creepage and spin, with or without bodily sliding. The problem
is first reduced to the minimalisation of a surface integral. Next,
g numerical method is discussed by meeans of which the integral can be
minimized. Then we consider the computer programme which realises the
numerical method, and finally we discuss the results. These appear %o
agree reasonably well with the experimental evidence.

In chapter 6 certain conclusions are drawn, and some projects

for further research are indicated.
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1. Introduction.

Conaider two purely elastic, perfectly smooth bodies of

revolution, see Fig, 1, They are pressed together with a force N,

V-
N [ _~
= \\\\“‘\
v.
y
N
My
—F,
N
/‘ _\
f

Fig. 1. Two bodies rolling over each other.

as a consequence of which a contact area comes into being along
which the bodies touch. According to the theory of HERTZ (see
LOVE D], pg. 193 sqq.), this contact areas is an ellipse when
the bodies are counterformal. Subsequently, the bodies are
rotated asbout their axes, so that they roll over each other. As
& consequence of dry friction, the bodies can exert tangential
forces upon each other at the contact area. If a couple is
exerted on one body, and taken off from the other, it is found
that the circumferential velocities of the bodies are no longer
the same, without the occurrence of gross sliding. This
difference in the circumferential velocities of the bodies,
divided by the rolling velocity, is called the creepage of the
bodies. If also the rotations of the bodies about an axis

perpendicular to the contact area are different, we spesk of



spin. The problem is, to investigate what takes place in the
contact area, and in particular to find the connection between
the two components of creepage {(one in the direction of rolling:
longitudinal creepage, and one in a direction perpendicular to
the rolling direction: lateral creepege) and the spin on the
one hand, and the two components of the total tangential force
and the moment about an axis perpendicular to the contact area
on the other hand.

It is assumed in this work that the law of dry friction
(COULOMB's law) with constant coefficient of friction comnects
the tangential traction at a point of the contact area, and the
local velocity of the bodies with respect to each other (the
slip), and that a steady state is reached.

1.1. Historical outline,

The problem which we just stated was treated first by
CARTER [1] in 1926. He considered the case of two cylinders with
parallel axes, in which creepage only occurs in the direction of
rolling, and he gave a camplete solution of the problem. The
tangential stress distribution is found as the difference of two
stress distributions which are semicircular when the scale is
properly chosen, see fig. 2. One of the stress distributions is
acting over the whole contact width, and the other over a part
of the contact width, viz. over the region where the local slip

is zero: the area of adhesion, or locked area Eh' The area of

adhesion is determined by the creepage, here defined as

N S i , (1.1)
X op(vev)
where V' and V- are the circumferential velocities of the
rolling cylinders. The velocity -%(V*+V') which occurs in the
dencminator of (1.,1), is the rolling velocity. The semicircular
traction distribution over the whole comtact area equals uZ,
vhere Z is the normal pressure distribution and v is the

coefficient of friction. It is a consequence of the semicircular
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rolling direction

Fig. 2. The tangential stress distribution according to CARTER.

traction distribution over the area of adhesion, that the slip
venishes in the area of adhesion, while the total tangential
traction falls below the bound uZ given by the law of friction.

It is seen from Fig. 2 that the adhesion area borders on the
leading edge x = a of the contact area. No explanation of this
phencmenon was given by CARTER, but it was supplied in 1950 by
CATN I:I] in a discussion of a paper by PORITSKY. If the area
of adhesion does not border on the leading edge, there would be
an area of slip there; but CAIN showed that in that area of slip,
the slip does not match the tangential traction as far as the
direction i1s concerned, so that it cannot occur. In the area of
slip behind the adhesion area, slip and traction do match in
that respect.

The coordinate b of the trailing edge of the contact area

is given by

lu,le
b/a = 2;{& - 1, a: half width of the contact area,
1_1 /1 .1 o e : (1.2)
S=7 | 7% +—1\, R, R: radii of cylinders,
e R R~/ opositive when they are convex.
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It is seen from (1.2) that when the creepage vanishes, then

b/a = =1, so that the area of adhesion covers the whole contact
area, and the tangential traction vanishes, This is called free
rolling, in which there is no dissipation by surface friction.
There can be dissipation by elastic hysteresis, but such effects
are not considered in this work. When the creepage increases,
b/a increases, so that the area of adhesion diminishes. When
|ux|p/ua = 4, b reaches the leading edge of the contact area,
and when the creepage increases further, b passes the leading
edge. This should be interpreted as follows: no area of adhesion
forms at all., The tangential traction equals uZ everywhere, and
the slip matches it. This is called gross sliding.

We will give some impression of the magnitude of the
creepage in the range we are interested in. When the cylinders
have the same radius, then the characteristic length p is the
diameter of the cylinders. In that case, a representative value
of p/a is 200, the contact width being dependent on the normal
load. A representative value of the coefficient of friction is
0.3. So, when i1. this example |Ux| = 0,003, the adhesion area
covers half of the contact area, and gross sliding sets in when
Ju | = 0.006.

In the region between free rolling and the first onset of
gross sliding, the total force Fx exerted on the lower body is
given by a parabola which is tangent to the line Fx = pN, see
Fig. 3. In the region of gross sliding, Fx has the maximum value

]JN.

v_p lu_ |p lv|e
2 . X . x
F =32 ul Ta (? - = , iT T8 <
‘”x“’ (1.3)
= uN, if e 2 L
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Fig. 3. The total force Fx/uN vs., the creepage Te according to
CARTER.

Progress was made by JOHNSON in & number of papers. JOHNSON
performed a number of experiments in order to determine the
connection between the total tangential force and the torsional
moment on the one hand, and creepage and spin on the other hand.
In [1] and [5] he also gives a theory of creepage without

spin, which is a direct generalisation of CARTER's theory. In
this theory, JOHNSON spproximstes the area of adhesion by an
elliptical area which is similar to the contact area, and is
similarly oriented. I% touches the boundary of the contact area
at its foremost point, see Fig. 4. Here also the treaction
distribution is found in the form of a difference between a
semi-ellipsoidal traction distribution acting over the entire
contact area, and another, which acts over the adhesion area
alone. However, there is a serious flaw in this theory: in the
region shown shaded in Fig. Y4, the slip and the tangential
traction do not match. In fact, if we define the slip as the
local velocity of the upper body with respect to the lower,

and consider the traction exerted on the lower body, the slip
and traction asre almost opposite in the shaded area, violating
the friction law. In the slip region outside the shaded area,
the traction and the slip are almost in the same sense} in fact,

they make & small angle, and this is another, smaller, objection



—
—

area area of
of adhesion Eh

x
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Fig. 4. Areas of adhesion and slip sccording to JOHNSON.

against the theory. The conclusion we draw fram the shaded area
of error is, that the area of adhesion is given incorrectly in
JOHNSON's theory. If JOHNSON's theoretical results are compared
with the experiment, it appears that the theoretical value of the
creepage at a certain value of the total force parameter

(Fyr
is at most 25%, so that JOHNSON's theory can be used very well as

Fy)/uN is lower than the experimental value. This difference

an approximastive theory, especially since the values of the
coefficient of friction u differ considerably from one case to
another.

Another theory is given by HAINES and OLLERTON'[1]. Only
creepage in the rolling direction is taken into consideration,
and it 1s assumed that in narrow strips parallel to the rolling
direction, CARTER's traction distribution is valid. It then
appears that the area of adhesion is given by a lemon shaped
area the leading edge of which coincides with the leading edge
of the contact area, see Fig. 5. The trailing edge of the
adhesion is an arc which, measured along the rolling direction,
has a constant distance to the trailing edge of the contact

area, in other terms, it is the trailing edge of the contact

6.



area orea of

adhesion Eh

-

Fige 5. Areas of adhesion and slip according to HAINES and
OLLERTON «

area shifted parallel to itself in the rolling direction. This
theory can in principle be used only for contact areas which are
slender, with the minor axis in the rolling direction. However,
HATNES and OLLERTON have also done photoelastic work from which
it appeared that the theoreticel form of the area of adhesion
was in good agreement with practice, also when the contact area
weas not slender.

Recently, the theory of HAINES and OLLERTON was generalized
by KAIKER Bﬂ so, that lateral creepage and, to a limited extent,
also spin can be accounted for. In this theory, the elasticity
equations are integrated approximately. This approximation is
best when the contact ellipse is slender, with the minor
semi-axis in the direction of rolling. With this approximate
solution of the elasticity equations it is accomplished that
1°, there is no slip in the adhesion area; 2°, that the
tangential traction in the slip area has the value uZ; but 3°,
there generally remains an angle between traction and slip in
the slip area. This angle is small almost everywhere in case of

pure creepage and when the spin is small, but deteriorates when

Ts



the spin increases. When for a slender contact ellipse the total
force is compared with the results of ch. 5 of this dissertation,
it is found that there is excellent agreement in the case of pure
ecreepage, but in pure spin there are relative errors of up to 20%.

For spin there is a smaller amount of theory than for pure
creepage. We just mentioned the theory of KAIKER [2]. Aside from
that, there are only theories on the two asymptotic cases, viz.
very large creepage and spin, and infinitesimal creepage and
spin. Experimental work on spin has been done by JOHNSON [-2, 3]
both on pure spin and on spin in combination with latersl
creepage, by LEE and OLLERTON [1], and by POON [1].

The case of very large creepage and spin was treated by LUTZ
[1, 2, 3] and WERNITZ [1, 2]. In their theory, they assume that
the creepage and spin are so large, that the influence of the
elastic deformation on the local slip can be neglected. As a
consequence, there is no area of adhesion, and the local slip is
completely specified by creepage and spin alone: there is no
effect of the tangential tracfion on the slip. So, the direction
of the local slip is known, and hence the direction of the local
¢raction, its magnitude being given by uZ. The total tangential
force and the torsional moment follow from integration. LUTZ [2]
treated the case of a circular contact area, and WERNITZ [1] the
case of an elliptical area. The latter case was treated, however,
with & restriction on the components (Ux, Uy) of the creepage:
either v, = 0, or Uy_ = 0. This is the case in friction driveg
which LUTZ and WERNITZ considered. We will treat the case of
very large creepage and spin without this restriction in sec.
L4 of this dissertation.

The opposite case is the case of infinitesimal creepege and
spin. Here it is assumed that the adhesion area covers the
entire contact area. For a circular contact area, this case was
treated by DE PATER [1] for POISSON's ratio o = 0, and by KAIKER
[1] without this restriction on o. In sec. 4.3 sqq. of this
dissertation, this theory is generalized to elliptical contact
areas, Earlier, JOHNSON [2] treated the case of infinitesimal

8.



spin for a circular contact area and arbitrary POISSON's ratio.
In KAIKER [1], a comparison is made between the theories of
KAIKER [1], JOHNSON [2], and JOHNSON's experiments [2]. There
appears to be a fairly large discrepancy between the theories,
and KAIKER's theory was found to be most in agreement with the
experimental results.

In chapter 5 of this dissertation, a numerical theory is
developed which can be used for arbitrary creepage and spin.
This theory is mainly of academic Interest in the case of pure
creepage, owing to the fact that the approximative theories are
of good quality. In the case of non—va.uishing spin, the theory
of chapter 5 provides the comparison needed for the safe use of
the strip theory; such a comparison is made in KAIKER [2]. For
values of the spin not covered by the strip theory, the numerical
theory of chapter 5 is the only one available. It can also be
used to judge, when creepage and spin are large enough so that
the theory of LUTZ [1, 2,3] end WERNITZ [1, 2] can be used.

1.2, Two simplifying assumptions. Outline of the thesis.

As far as the theory elasticity is concerned, the lower and
the upper body are approximated by half-spaces. In the Cartesian
coordinate system (0, x, y, z) which we will adopt, the lower
body occupies the half-space z > 0, and the upper occupies z < 0.
Quantities pertaining to the lower body are distinguished by a
superscript * added to the symbol from the analogous quantity of
the upper body which carries a superscript ~. The normal
pressure is denoted by Z, while we define the tangential
tractions (X, Y) as the local tangential (frictional) force per
unit area exerted on the lower body by the upper body.

The contact area E and the distribution of normal pressure

7 are determined by the boundary conditions of the HERTZ theory;
see LOVE [1] pg. 193 sqg.:
E w+(x,y,0)—w-(x,y,0)= -Ax2-By?+a, Z > O inside E, (1.ka)

w+(x,y,0)-w-(x,y,0)> -Ax2-By2+a, 7Z=0 on z=0,
outside E, (1.4p)

% x5
¥ox
< oo
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vhere w* is the displacement component in the z-direction, while
w(x,y) is called the displacement difference in the z-direction.
A and B are determined by the radii of curvature of the bodies,
see (3.38), and o is the penetration of the bodies.

In the first place, we will assume that the tangential
traction distribution (X,Y) acting between the bodies does not
disturb the displacement difference w(x,y). Such an assumption
was already made by MINDLIN [1] in 1949. It was shown by DE PATER
[1] pg. 33, that the assumption is completely correct in the case
that both bodies have the same elastic constants. A discussion of
the error of the approximation when the elastic constants are
different will be given in sec. 2.1. The assumption implies that
neither the contact area E nor the normal pressure Z are disturbed
by the tangential tractions., Consequently, E and Z are given by
the HERTZ theory of frictionless contact. According to that
theory, which is treated in some detail in sec. 3.221, the
contact area E is elliptical in shape, so that we can choose our

origin and x and y axes so that
E={ x,5,2: z =0, (x/a)2 + (y/p)2 <11}, (1.5a)

while the normal pressure Z is given by

2 2
Z= Eng /q-(x/a) - (y/v) inside E,

=0 on z = 0, outside E, (1.5b)
N: total normal load.

The local slip at a point is defined as the local veloeity
of the upper body with respect to the lower body. We ordinarily
use the relative slip (sx,sy), which is equal to the local slip
divided by the rolling velocity. We will show in sec. 4.1 of this
dissertation that when steady rolling takes place in the x-
direction, the relative slip is given by (4.15):

= Ju _ v
S, = Uy ==, 5, = uy+¢x =, (1.6a)

"with

10.



(ux, uy): the creepage, ¢: the spin,
u = {u+(x,y,0)-uf(x,y,0)}, v = {v+(x,y,0)-v-(x,y,0)} (1.6pb)

ut, vt; (x,y) displacement components in lower/upper body.

We will also assume that the normal pressure distribution Z
does not disturb the displacement differences (u,v). Such an
asswmption was made by MINDLIN 1] in 1949, It was shown by DE
PATER [1], pg. 33 that this second assumption is completely
correct in the case that the bodies have the same elastic
constants. A discussion of the error of the approximation when
the elastic constants are different will be given in sec. 2.1.

~ As & consequence of the assumed independence of w on (%,Y),
the problem falls apart into a normal problem which completely
determines the normal pressure and the contact area, and a
tangential problem which uses the results of the normal problem
as data., The reason for the assumed independence of (u,v) on Z
lies in the fact that the case of equal elastic constants is
technically the most important, while the theory becomes somewhat
simpler, and the coefficient of friction does not figure as an
independent parameter in the calculation.

A method to obtain a better approximation was indicated by
J OHNSON Dﬂ, pg. 18 sqq. JOHNSON proposes to retain the
assumption that w is independent of (X,Y), but to take the
dependence of (u,v) on Z into account. The value of this method
consists of the fact that the dependence of (u,v) on Z is much
more importent then the dependence of w on (X,Y), especially when
the coefficient of friction p is small, see sec. 2.1. The
advantage over the rigorous theory is, that the normal problem
remains the same, and that the tangential problem changes only
in that a term is added to the formula for the relative slip,
the term being explicitly known, and being independent of the
creepage and the spin. This method is not investigated further
in this thesis, where we will retain the two assumptions of

MINDLIN.

11,



The tangential problem is determined by the following conditions.

(X,Y) and (u,v) are connected by the elasticity equations
for the half-space, in which stresses and displacements (1.7)

vanish at infinity, while X = Y = 0 on z = 0, outside E;
(x,Y) = uZ[wx,wy), v, = sx/s, v, = sy/s, s = Vsi + 53
in the area of slip Eg; (1.8a)

s.=s_=0, |[(X,Y)|< uZ in the area of adhesion E (1.8b)

X ¥y h'
We see from (1.7) and (1.8) that the tangential problem naturally
falls into two parts. In the first part, we must study fhe effect
of the traction distribution (X,Y) on the displacement differences
(u,v), in order to get the connection between the traction and the
slip. We solve this problem by giving this connection for certain
standard traction distributions which form a complete system. In
the second part we superimpose the standerd tractions so as to fit
(approximately) the boundary conditioms (1.8). It should be noted
that the division of the contact area into areas of slip and
adhesion is not known beforehand, but must result from the
calculations.

In chapters 2 and 3 of the thesis, we attack the first sub-
problem, viz. finding a complete set of tractions with their
corresponding displacements differences. Apart from the
tangential problem in which (X,Y) are given and 7 is unimportant
as we have here, we also treat the normal problem where (X,Y) are
unimportant, Z is arbitrarily prescribed. This is done because it
widens the scope of chapters 2 and 3, while it is done without
much trouble, since a normal problem is equivalent to a
tangentiel problem in which POISSON's ratio o vanishes.

In chapter 2, we give the theory of tractions of the form

£ )xPyd. (1.9)

. M
(1,7,2) = O=(x/)2=(r/2)2)F ] (e n2

p+g=0
It is shown in 2.2 that to the tractions (1.9) surface displace-

ment differences belong
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M

(uyvyw) = [ (s ,b

mn . .
¢ )xy if (x,y) in E. (1.10)
mn® mn’ mn *
m+n=0

The remainder of chapter 2 is devoted to the connection between

the (a_,b ,c ) and the (dpq,epq,qu

in the form of a square set of linear equations, which we call

)

). This comnection is given

the load~displacement equations. They express (amn’bmn’cm.n

lieitly in (d__,e
exp y in (4,
2

In chapter 3, w

Pa’ pq
e treat special csses of the load digplace-
ment equations. In 3.1, we consider the special case that (X,Y,Z7)
vanish &t the edge of the contact area, and have the form
+] M-2
(X,Y,2)={1-(x/2)2=(y/)2}Y' 2 [ (4 ,e_,f
ptq=0 P2’ P2’ Pa

Again, (u,v,w) are given by (1.10). The coefficients of the load~

)xPyd (1.11)

displacement equations appear to undergo only minor changes. In
3.2, we treat a number of examples, viz. & rigid, flat die of
elliptic circumference pressed into a half-space (3.211), the
problem of CATTANEC snd MINDLIN without slip (3.212), the problem
of HERTZ, fairly detailed because it is used later on (3.221),
and finally the problem of CATTANEQ aand MINDLIN with slip,
without twist (3.222).

In chapters 4 and 5, we attack the second subproblem, viz.
the fitting of the boundary conditions (1.8), by means of the
theory of chapters 2 and 3. In 4.1, the boundary conditions are
derived; this is followed by considerations of symmetry in L4.2.
The remainder of chapter 4 is devoted to the two limiting cases,
viz. infinitesimal creepage and spin (sec. 4.3), and very large
creepage end spin (sec. 4.4). The case of infinitesimal creepage
and spin, which was treated before by DE PATER [1] and KAIKER [1]
is extended to the case of an elliptical contact area. Tractions
of the form (1.9) are used. The case of very large creepage and
spin, which was treated by WERNITZ for elliptical areas only
when ux=0 or Uy=0, is here extended to the case of arbitrary
creepage. The method of LUTZ and WERNKITZ is retained, and the
theory of chapters 2 and 3 is not used.

13,



In chapter 5 we treat the case of arbitrary creepage and
spin. The procedure is, to write the boundary conditions (1.8)

in the form

IE”E{1-(x/a)2-(y/b)2}{X'—wx)2+(Y'-wy)2 }{sx2+sy2 }axdy=0

(1.12a)
|(X'5Y')|S1 ’
with (X,Y) = pZ(X',Y")= %% {1-(::/&)2-(y/b)2}+;‘l (x',1'),
M (1.12b)
(x',¥') = 7 (d_,e )y, M e,
prg=0 P2’ P

It should be observed that (1.12a) can only be satisfied if at
every point of the contact area at least one of the factors of
the integrand vanishes. The first factor does not vanish except
on the edge of the contact area; if the second factor vanishes,
(1.8a) is satisfied, and the point belongs to the area of slip; if
the second factor vanishes, then (1.8b) is satisfied, and the
point belongs to the area of adhesion. The inequality |{(X',Y')|<1
ensures that the maximum uZ of the tangentisl traction is not
exceeded. We see from (1.12b) that the tractions (1.11) of sec.
3.1 are used. This is done with the purpose to enter a rudiment
of the inequality into the integral. In practice, we take M = 3

in (1.12b), and minimize I with respect to (4 ), since the

€
positive definite integrel I vanishes only fogqin?ghite M. The
inequality of (1.12a) will be verified afterwards. It is seen
that in this method the difference between the locked areas Eh
and the slip areas Eg disappears fram the problem. The domain

of slip can, however, be identified with the area in which
{(X‘-wx)2+(Y'-w )2}<<(sx2+s 2), and the domain of adhesion Eh

is that in which {(X'-wx)2+(Y'—wy)2}>>(sx2+sy2). This distinction
is especially sharp in the case of pure creepage. The calculations
were performed for a large number of parameter combinations Ux’
Uy, ¢, and a/b (= ratio of the axes of the contact ellipse). In
5.1 sqq, the theory is discussed; in 5.2 sqq, we present same
considerations on the computer programme with special emphasis on

the optimalisation of the programme and the verification of the

1hc



inequality, and in 5.3 sqq. we devote our attention to the
numerical results.

The dissertation finishes with & conclusion in which the
results achieved are summarized, and in which we make some

remarks regarding further research.
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2. Two elastic half-spaces under normal and shearing loads acting

in an elliptical contact area.

In the present chapter, we will consider the stresses and
displacement differences that arise when two half-spaces are in
contact. Throughout the chapter we assume that contact takes
place along an elliptical contact area E.

We introduce a cartesian coordinate system (0,x,y,z), the
origin of which lies in the centre of the contact ellipse. The
directions of x and y are the axes of the ellipse, and the axis
of z is directed along the inner normal of the lower half-space.
We denote the surface tractions by (X,Y,Z), the elastic displace-
ment in the lower half-space z > O by (u+,v+,w+), and the elastic
displacement in the upper half-space z < 0 by (u”,v ,w ).

We saw in the previous chapter that as a consequence of our
assumptions.we could decompose the problem into two partial
problems, viz. the normal and the tangential problem.

The normal problem has to be solved first, and it is
equivalent to a contact problem without friction. Its boundary
conditions are formulated in texrms of Z and the displacement
difference w(x,y)=w+(x,y,0)—w-(x,y,o), and the most important
condition is that w(x,y) takes on a prescribed value in E. We
can schemastize the elasticity part of the problem by solving the
following

Normal problem: The shear tractions (X,Y) vanish identically

on the whole of the boundary z = 0, and the normel traction
Z vanishes outside the elliptical area E. The surface dis=
placement difference w(x,y) is given at E as a polynomial of
degree M in x and y:

M M-m oon
wix,y) = ]} c Xy inside E. (2.1)
m=0 n=0

Find the normal traction Z acting at the area E.

This problem seems to be artificial. The reason why we
restrict ourselves to polynomial displacement differences is,
that for such a displacement we can find the normal traction Z

by solving a finite set of linear equations. Moreover, we observe

16.



that the polynomials are complete in the sense that they can
approximate any continuous function as well as one likes,
Finally, in several problems, e.g. the problem of HERTZ (sec.
3.221), and the problem of a flat rigid die of elliptical
circumference that is pressed into & half-space (sec. 3.211),
the displacement difference w is actually a polynomial.,

Making use of the results of the normal problem, we proceed
to solve the tangential problem. From a point of view of elastic-
ity alone, this problem is equivalent to a problem in which there
is no normal load at the boundary, as a consequence of the second
assumption of MINDLIN, see sec., 1.2. The most important boundary
condition in the area of adhesion is the (almost complete) pre-
scription of {u(x,y), v(x,y)) = (u+(x,y,0)-u—(x,y,0), v+(x,y,0)+
-v (x,y,0)) in it. Hence it is desirable to solve the following

Tangential Problem: The normal traction Z vanishes

identically on the entire boundary z = 0, and the

tangential surface traction (X,Y) vanishes outside

the elliptical area E. The displacement differences

(u{x,y), v(x,y)) are given in E as polynomials of

degree M in x and y:

M M-m

{ulx,y), vix,y)) = Z Z (amn,bmn]xmyn inside E. (2.2)

m=0 n=0

Find the tangential traction (X,Y) acting at E.

This problem, too, can be solved explicity, in the same way
as the normal problem. As in the normal problem, there is an
example in whiech (u,v) are actually polyncmials: it is the
problem of CATTANEO [1] and MINDLIN [1], in which two bodies are
pressed together and then are shifted or twisted, while slip is
assumed to be absent. This problem is treated in sec., 3.212.

We finally observe that both problems reduce %o problems of
the sinéle half-space, when one of the two elastic half-spaces is

assumed to be perfectly rigid.

2.1. Formulation of the problems as integral equations.

The connection of the surface tractions and the displacement

17-



of a half-space can be given by an integral representation. In order
to find it, we observe that the displacement in the lower half-space
due to = concentrated load of magnitude Z acting at the origin in the

direction of the positive z-axis is given by LOVE [ﬁ], par. 135, pg.

191, as follows:

u+ - L _ xz - Z X
rp r3 bp(A+yp) r(z+r)
v L oyr L J (2.3)
by r3 bn(d+yu) r(z+r)
2
'W+ = .L.Z—-.’.Ml s r = ;/x2+y2+z2
bry 3 bap(a4p) v /
where A and u are LAME's constants, which are connected with the
modulus of rigidity G and POISSON's ratio o by the relations
_ _ 20G _ _ 26(1-0)
W= 6, A=T5=, MU S g5p s M2u = S (2.4)
So, (2.3) becomes R
ol (xm (1-20")x
iRile: rd r(z+r)
+
+ Z 1-20
v o= +{Y1-——¥( )y } (2.5)
Le¢" 23 r(z+r)
2 ot
o = 7 . 2z, 2(1-0 ) } .
pte! r3 r
The displacement in the lower body due to a distributed pressure
7(x,y) in the z-direction is then given by superpcsition:
+. N
+ -yt s -y
ut(x,y,2)= — T /] 2xt ) (gox')a | (1-20 ) (x-x') } axtay
bag” E rd r(z+r)
+
+ 1 -y ! 1-20 ~y!}
)= = [f 2ty { Gz | 0= Gyt gy
LHTG E r3 I'(Z+r) (2 6)
+ .
+ 1 2 2(1.
v (x,y,2)= — [[ 2z, y){ &= #2020 )y apray, |
3
bnG" E r r
r = /Xx_x')2+(y-y')2+z2, z > 0.

We must also have the displacement in the upper body. [t is due to

the reaction of Z(x,y), and consequently it is given by the same

equations, but in a coordinate system (x,y,z'), where z'

-2

To

find it in our coordinate system (x,y,z), we must change z to |z|,

18.



and w' to —w_ everywhere. This gives for the displacement in both
half-spaces:

- ' T '
' (x,y,2)= —— [f B(x',y){ 12X Mz| _ (1-207) (x-x') } ax'dy’,
hngt B r3 r(|z|+r)

: t
Flagaim = ] ateyn GEgdlel L LBy gy,

hvG¥ r(|z|+r) [
< . ) T
W (x,¥,2)= H_ [f 2@y ){ 2=+ 2o ) b axreyr,

gt E r3 o I

r = V(x=x')2+(y-y')%+2z2, upper and lower sign as z < 0, z > O.

(2.7)
From this we see that in case G and ¢ are the same in both bodies
(elastic symmetry),
+ -
u (st;Z) =u (sts'Z);
+
(

v (x,¥,2) = v (x,7,-2), ifX=Y=0 (2.8)

W+(x’y’z)= 'W_(X’Y;'Z>a

a result due to DE PATER [1], pg. 33.
The displacement differences, which are prescribed in the normal

and tangential problems, are:

u(x,y {u Xy¥,0 —u-(x,y,O)} =

LAz 12Ty gy g

o o B R2

(v (x,7,0)~v"(x,7,0) | =

vix,y)

+
1—2 1-20~ } ff X__Z ax'ay',

> (2.9)

1
el
w(xiy) = {W+(anQO)‘W (XDYQO)} =

+ - t t
= (= Iy S per ) A
G E R
Y = 0, R = v/{x~x")2+(y-y')2. J

X

. + - - .
We combine ¢ , 0 and G+, G 1n the followlng manner:

+

+ -
+-0—_),K=-)1IG[1_2_?_ _1-20
G G G

). (2.10)

1
—_— —
[G+ G

-

=%[

)=
-
—
-
Qla
@ |a
+

1
@



. . + - .
It is easy to see that G lies between G and G , and that o lies
+ - . .
between 0 and ¢ ; in the case of elastic symmetry,

c=6¢"=6¢,0=0¢" =0, k=0, (2.10a)

The constant x vanishes in case of elastic symmetry, end also when
both bodies are incompressible. Its maximum is 0.5, but in practice
it is mostly small, e.g. 0.03 for steel on brass, and 0.09 for steel
on aluminium. In terms of the constants of (2.10), the displacement

differences become
N

u(x,y) = - == f},g Z(x',y") ’i'l;:—' ax'ay', (a)

vy = - S Loy B e, () P (2.10)
E R

w(x,y) = 12 TECES Ldy ()

If w is prescribed in the contact area E, (2.11c) is an integral
equation for the unknown normal pressure Z(x,y).

The procedure for the tangential problem is very nearly the
seme, We start with the displacement in the lower body due to a
concentrated load of magnitude X acting at the origin in the

direction of the positive x-axis, see LOVE []], par. 166, pg. 243,

o X M3, % X1 X_ 1 __x® )
vz Eﬂu( MWu T ) )- Zrim) T ’m(lﬂl)( z+r  p(z4r)? )
+ X xy X Xy
v = - .
Ly 23 7 Lo(a+y) C rlz+r)? ? {2.12)
+ _ X xz X X
w = 4

»

bru r3 Ur(A+n) | r(ztr)

r = Vx?+y2+z2,

The effect of a distributed shear stress X{x,y) in the x-direction is
found by superposition. The displacement due to a load Y in the y-
direction is found from (2.12) by cyeclic interchange of x and y, u
and v, X and Y, The displacement in the upper hslf-space is given by
(2.12) in a coordinate system (x,y,z'), with z' = -z. However, we
must take into account that the shearing traction on the upper body
has the opposite sign. So we find the displacement in the coordinsate
system (x,y,z) by replacing X by -X, Y by =Y, z by |z, W by -w ,
end it is for both half-spaces
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u (x,y,2) =

=+ : - II [X(x‘)y"){ ‘1“+ 1-20% + (x-x")

2 (1—201)(x-x‘)2 b+

Vo E r |z|+r r3 T r(]z]+r)?
voory( emx) (y=yt) - (1-207) (eex) (y=y") ot
+ Y(x',y"){ 3 - T[22 }] ax'ay,
¥ (x,7,2) =
=5 Lo ) ey { Sl (=20 G oyt
gt E r’ r(|z|+x)?
. -
N R - (y=y"?% _ (1-20%) (y=y")2 -
+ Y(x Y ){ N + |z[+r + I‘3 r(lzl+r)2 }] dx dy 3 r
wx(x,y,z) =
- g e Ledlel, Do)
hvG; E r3 r(|z|+r)
+ ¥(x',y")] L=y z] |, (1-20%) (y-y') } ax'ay"
’ rd r(|z|+r) ’

/(;x‘)2+(y-y')2+zz, Z = 0.

Upper sign: upper half-space, lower sign: lower half-space. )
(2.13)

From this we see that in case G and o are the same in both bodies

r

(elastic symmetry),
+ -
u (X,¥,2) = -u (X,y,-2),

v (x,¥,-2),p if 2 =0, (2.14)

+
v (x,v,z)

w+(x,ysz) = W (X,¥,=2),
a result due to DE PATER [1], pg. 33.
The displacement differences u(x,y), v(x,y), w(x,y), which are
prescribed in the normal and tangential problems, become with the

definition (2.10) of G, o, and «,

u(x,y) =
= = [ Gty =2 +M}+Y( vogry Slxext) (y=y') 'yt
T G . 2 R 23 x',y 3 ] ax'dy g
2 2
= % J‘é’ [X(x',y'){% - %f—z} - o Y(x',y") Bi'lgyl-] ay',
)
(2.15a)
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vix,y) =
w1 EK(X',y')-9L5:51%§1:3L11 + Y(x',y'){lgg + EilililE}de'dy'
B

=5 /I [ o xtx 1) EE sy y'){l=oﬁ-}]dx'dy' |
ma ’ ax'ay! > R ay 12 »
(2.15b)
w(x,Y) = l:r-a fﬁ[ [X(x' ’y|) X;JZC' + Y(x ’yl> .L;{%'_ ]dX'dy', (2.15¢)
Z =0, R=/(x-x")2+(y-y")%. (2.16)

If Z = 0, and u and v are prescribed in the contact area, (2.15a) and
(2.15b) are two . imultaneous integral equations for the unknown
tangential tractions (X,¥).

According to (2.11) and (2.15), we see that & rough estimate of

(u,v,w) in the con-act area is

u = O(Fx/Gs) + O(UFy/Gs) + 0(kN/aGs),
v = O(OFX/Gs) + O(Fy/Gs) + 0(kN/Gs),
w =

0(kF /Gs) + o(KFy/Gs) + 0((1~0)N/Gs), > (2.17)

Fx’ F , N: total force in the x,y,z-directions,

s: half diameter of the contact area. J

Throughout the present work we will neglect the influence of the
small constant k. This leads to exact results in the technically
important case of elastic symmetry, and also when both bodies are
incompressible.

It would seem that our approximstion leads to a high precision
in the case of w, since Fx and Fy are the most of the order uN
(u: coefficient of friction), so that the influence of X and Y on w
is of 0(ukN/Gs), which seems to be negligible with respect to the
influence of Z, which is of 0((1-0)N/Gs). But neglecting the
influence of 2 on (u,v) can lead to serious errors: this influence
can be of 0(kN/Gs), while the influence of the tangential traction
is of O{uN/Gs). Hence we would obtain & good second approximation by
taking the influence of Z on (u,v) into account, and neglecting the
influence of (X,Y) on w. The division of the problems into a normal

and a taengential problem is then retained. This second approximation
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was worked out by JOHNSON [h] for CARTER's problem, and he compared
his results with the exact theory (see JOHNSON [4], fig. T7), from
which it appeared that the error of the second approximation is small.
We finally observe that the problem is governed by three elastic
constants, viz. G, 0, and k. That is one less than one would expect,
since in principle the four constants G+, G, c+, o~ can be
arbitrarily chosen. We also see that G can be eliminated by
introducing dimensionless tractions. So the elastic properties are
taken into account by the two dimensionless parameters x and o, one

of which we set equal to zero.

2.2, The fundamental lemma.

As we saw in the previous section, the normal and tangential
problems can be formulated as the integral equations (2.11c) and
(2.15a,b). They are

u(x,y) = 7
=1 ¢ w1y 1m0 o(x=x')? Voot o(x-x") (y-y") [
-‘,;G“fé [x(x ’y)1R M b+ ov(x .y)———-u-—R3 Jax'ay’,

v(xay) = 5

f [X(x',y" U(x— )(1 )y V(" ){ = 0(::;:3:v)2}]dx‘dy’s
E )
(2.18)

wix,y) ==11;(';—° fé z(x',y") -@-}5;1:— , (2,19)

with
= /(x=x")2+(y=y")2, E = {x,5: x*/e? + y2/p% < 1}, (2.10)

We will now prove the following

Fundamental Lemma:

Let
H(x,y) = Xk y22'-k/R2R'H, k and % positive integers, 2% > k;
Ixy) = {1=(x/a)? = (y/0)2)7H; R = x2ey2,
K(x,y) = DZ/I MEP d_ xPy%, 4 erbitrary constants;
p=0 =0 Pl

(2.21a)
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I(x,y) = ff J(x',y")K({x',y" JH(x-x",y~y')ax'dy"',
E
then, if (x,y) lies in E = {x,y: x?/a2+y2/v? < 1}
M Mem (2.21b)

I(x,y) = £ I amnxmyn,
m=0 n=0 J

that is, I(x,y) is & polynomial in x,v of the same degree

as K(x,y).

The lemma was established by GALIN [1], ch. 2, sec., 8, in the
special case that k=£=0, by means of LAME's functions. Its
significance for the solution of the integral equatiomns (2.18) and
(2.19) is the following. We see that all functions of (x-x') and
(,-y') that occur in the integrands of (2.18) and (2.19) are of the
form H(x-x',y-y'). If we suppose that the tractions X,Y,Z are of the
form J(x,y)K(x,y), then it follows that the displacement differences
u,v,w inside the elliptical area are polynomials in x and y of the
same degree as that of K(x,y). But that means that there are as many
parameters in the displacement differences as there are in the
tractions. There is a strong presumption x)’ borne out by our
numerical work, that the displacement fields are independent of each
other. It follows that we may invert the argument, and say that when
u, v and v are given as polyncmials inside E, the tractions X,Y,Z
must be of the form J(x,y)K(x,y). Clearly, the connection between
the constants dpq and & is linear, owing to the linearity of the
equations. Summarizing, we see that the lemma presumably implies

that

M  M-m
(upvow) = £ I (a_, b ,c ) x"y" inside E
mn? mn® mn

m=0 n=0

M M-p bq (2.22)
= (X,Y,2)=7(x,y)G = I (dpq,epq,f q)xy R
p=0 g=0 P
vhere the constants (amn’bmn’cmn) are connected with (dpq’epq’qu)

x) KIRCHHOFF's uniqueness theorem does not hold when the stresses

go to infinity, as they do here.
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by linear equations.

We now turn to the

Proof of the Lemma.

Consider a typical term of the polynomial K(x,y), viz. xPyS.
Then the lemma is proved, if we can show that

J] 3(x,y" ) x' Py H(x-x" ,y-y")ax'ay’ = Pp+q(x,y), (2.23)

E

where Pm(X,y) denotes an arbitrary polynomial in x,y of degree m. We

introduce polar coordinates R, y about the point (x,y):
x'-x = Reosy, y'-y = Rsiny, dx'dy' = RARdy, (2.2k)

and we introduce a new notation: Fm(w) is an unspecified function of

¥, independent of R, x, and y, for which

F(yem) = (-0 F_(v). (2.25)

For example, siny = F1(w), cosy = F1(w). Multiplication of functions

Fm(¢) is governed by the law that Fm(w)Fn(w) = Fm+n(w)' Now,
H(X—x‘sY-y') = (x_x')k(y_y|)2£-k/R2£+1’ ,
H(x=x',y-y') = = F_(4). (2.26)

We must write the factor 1-(x'/a)2-(y'/b)2 in polar coordinates:

1-(x' /) 2-(y" /0)2 = 1 — ABeosyrx)® _ (Rsinywy)?

a? b2
= (1- x2 2 )28 ( xcosy , ysiny )-R2 cos?y , sin?y )=
32 b2 aZ bZ &2 b2
= - A {R%4+2DR-C} = - A {(R+D)2-C-D2} = A {B2-(R+D)2},
with
A= EEEEE + Eigiﬂ = F (w) > 0’
8.2 b2 (o}
c = —; {1-x2/a2-y2/b2},
1 xcosy  ysiny
D= ( i + — ), S (2,27)
_ _ /1 x2 2 1 XCos singy2 -
B-B(y) = /B2 = /1 (1 - - L, L (xeosy, yeln:
= B(v+w),
1 = (x'/a)?=(y'/v)2 = A{B2-(R+D)2},
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As to the limits of integration, ¥ goes from O to 27, since
(x,y) lLies inside the area of integration, and R goes from O to the
positive zero of 1-(x'/a)2-(y'/b)?, that is, to -D+B. So we get from
(2.24), (2.26), and (2.27) that (2.23) becomes

ff J(x',y’ )x'py'qH(x-x' ,y-y')dx'ay' =
E

= fz" F (y)ay fB-D (x+Reosy)P (y+Rsiny)? e p (ee) (2.28)
o7 e 7w prq

where the factor 1/VA end RH(x-x',y-y') have been taken together
into the single term Fo(\p).

We can expand the term (x+Rcos WP (y+Rsin w)q to a finite double
sum by meens of the binomial theorem, twice applied. A typical term
is Aini+jxp—iyq—jsinichosjw, which can be written as Ri+jFi+J.(w) x
x xp-iyq-j. Inserting this into the integral (2.28), we see that it
is sufficient to prove that

. 2enm B-D

o1 ya-d i

i+

dR
P
0 0 R?-(R+D)2
Setting i+j=m, we see that (2.29) is satisfied when

2m B-D

[ F (Ve [ _ R P (X,¥).

0 0 VB2-(R+D)?2

Now we introduce the variable t=R+D instead of R. Then, dR=dt, and

(x,¥). ('2.29)

the limits are from D to B:

2n B m
EEAOLY| LDl 88 - p (xy). (2.30)

/B2 ¢2
We eveluate the term (t-D)" again with the binomial theorem. A
typical term is Aqtqu-q. If into this we introduce the value of D

from (2,27), we obtain
- 1 mn-q
A 3P0 = F (y)td ( xcosy . ysiny ) .
q o] al b2

Here again we evaluate the right-hand side with the binomial
theorem; a typical term is

(VA Py S PoosPysin™ P ymr | (y)ehPyR P,
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Inserting this in (2.30), we get for a typical term:

2% B q
P_m-p-q t7dt
p's F {y)d ——— =P (x,v
y é ¥ w]fj — = B ),

and this is satisfied if

2'IT B tth _
({ Fq(w)dw 1f> ol Pq(x.y>- (2.31)

Now there are two possibilities: either q is odd, or q is even.

g=2m+1 is odd. (2.31) becomes then

27 B | 2m+1
t at
F d ———
g (9 wlf) =
27 B?. m
- ray SR
o 1Y 1{2 Z@Z-t \
T B n B m
tdt t dt
= F,(y)ay { - f —_— } =0
g 1 1'22 vB2-t D? /B2t ’

since by (2.27),

DZ(y+w) = D2(y), BZ(yp+n) = B2(v). So, the odd values of q do not
contribute at all to the integral.

g=2m is even. (2.31) becomes then

o0 B ,om ©2p -
F (v)ay [ L4t - Fo(yay | Bt
é ° ]J; 2_¢2 ({ ° ]J;/B V1-t2
27 1 .2m D/B  -D/B .om
= [ F(pBTay [ L& fTr F(ppPay { [+ [ }EEE,
o ° 0 V1-t2 0o ° 0 0 Y1-t2

and the latter two terms vanish, because tzm/V1-t2 is an even

function of t. As to the first term,

1 .2m
[ — at

0 V1-t2
is a constant, so that we must consider

2
[P (v)Bay;
0 (o]

but B2 is a second degree polynomial in x and y, with coefficients

depending upon ¥. So B2m is a (2m)-degree polynomial in x and y,

2T



and (2.31) becomes

2m
my -
é F, (W)BTay = P, (x,¥),

which establishes the lemma.

2.3. DOVNOROVICH's method.

In the previous section we showed that if

M M-p

(X,Y,2) = GI(x,y) pgo qz LI qu)xpy R

) -1
with J(x,y) = /1-(x/a)2—(y/b)2 , then and (presumably)

only then (2.32)

(u,vyw) = z z (amn b mn)x y" inside E,
m=0 n=0

with E = {x,y: (x/&)2+(y/b)?% < 13},

where the coefficients (d,e,f) on the one hand, and {(a,b,c) on the
other hand are connected with each other by the integral represent-
ations (2.15a,b) and (2.11c). In order to find the equations
connecting (a,b,c) and (d,e,f) explieitly, it is, of course,
possible to follow exactly the road indicated by the proof of the
fundamental lemma. However, we prefer the road followed by
DOVNOROVICH [1] in his treatment of the normal problem. DOVNOROVICH
uses the lemma only in the form proved by GALIN, that is for

H(x,y) = 1/R. He calculates Cun by differentiating the integral
representation (2.11c) m times w1th respect to x and n times with

respect to y, and then he sets x = y = 0O:

min M M=j
d k
minie = [ D) kaay ] =
X =

3x oy j=0 k=0 y=0
m+n
3 1 ¥ gar!
= | Ujj‘ 7 (x' y|)M_] =
ax"ay™ e R x=y=0

m+n M M-p
9 1=0 dx'dy'
— J'J' J(x! y) |Py|Q_&] .

9x oy ™ p=0 g= R x=y=20

Since the values of v and a for which p+q < m+n give rise to
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polynomials of a degree lower than m+n, these values do not give any

contribution to ¢__, hence
mn

minle =
mn v
mn+n M ' aot
= _1':’ [—am ) £ [ axt,y)x Pyt ——MR J .
ax"ay" pracmtn,p20,q20 P E x=y=0

As we will prove later in this section, we may interchange different-

iation and integration in this expression, so that

minle =
mn
1.0 ¥ ™8 g~
=— 1 £ ] Jx,y)xPyrd —— dxdy =
p+q2m+n, pa E axl ay| x':y':O
pz0,920
M m+n_-1 [ (2.33)
1- mt 3 ]
= =9 ) (=1)™" ¢ ff J(x,y)xpyq —-m—rﬁ— axdy,
prezmt+n, S X oy
p20,920
r= v’x2+y2. )
Tn exactly the same way, we find from (2.15a,b), and (2.32) that
ninla = N
mn
1 M mtn q am+nr—1 3m+n+2r
= _7; z (_1) f}‘ J<x’y)xpy dpq [ m, n o m+2, n )+
p+a>m+n, E 3x oy ax  ay
PZO:Q.?_O
am-l-n+2 r
-0oce dxdy,
+
jole] 9xm+13yn 1
mintb =
mn >
1 M m+n 3m+n+2r
=< 1 "2 [] 3n)aBy® (-0 a —pm T+
pta>mtn, E ax 3y
p>0,q20
am+nr—‘l SEDE2 i,
+e_ | -0 dxdy .
Pd axmayn axmayn+2
r = /x2+y2, E = {x,y: x?/a?+y2/p2 < 1}. J
(2.34)
The integrals
hipq _ (=1 )m+n B.a z_)m+nr2h—‘l
E ’mn i ff J(x,y)x"y o dxdy (2.35)
E 9x oy
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are fairly easy to calculate; we will do that in the next section.
The remainder of this section is devoted to the proof of the
validity of the equation

m+n
3

[ o .n ff f(X.Y)H(x-x',y_y')dxdyJ =W
ax' oy! E x'=y'=0

m+n
= (_1)m+n ji[: f(x,y) i—i(x}tﬁ dxdy’ (2.36)

X dy

£(x,y) = J(x,y)y?, E(x,y) = (x2+y2)h'%,

when

2h+p+q-m-n > -1, (2.37)
Proof. We divide the domain of integration into a small square
D= {x,y: |x|] <6, |y| < &} (2.38)

about the origin, and the rest E-D of E. When the point (x',y') is

close enough to the origin, say
Ixt| < &/2, |y'| < 8/2, (2.39)

it lies in the square D, and then all derivatives of H(x-x',y-y')
with respect to x' and y' exist and are continuous in E-D. Hence we

may interchange differentiation and integration in E-D, so that

0

R
[———————— [ flx,y)H(x-x",y-y')dxdy ]

ax"ay'? TE-D x'=y'=0

mn (2.40)
= (D™ ] elxy) ) gy,
Ee

D ax"ay

We will now show that the contribution of the square D to both the
right hand side and the left hand side of (2.36) vanishes as § + 0,
that is

§ [ am+nH(x )
a= [ [ flxy) & axay » 0 as 6 > 0, (2.41)
-5 =8 3x"ay
am+n § ¢
B=——— [ [ f(x,y)H(x~x",y=y')dxdy 0 as 6§ + 0 (2.k2)

ax'May' ™ -5 -8

Evidently this will establish (2.36).
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m+n_2h-1
9 r - C(rZh—1-m—n]

meayn
over, f(x,y)=I(x,y)LyL = O(rp+q), so that the integrand of A is
O(rZh—1+p+q¢m—n), end
2m 28
A=0( [ ayf
0 0

As to (2.41), we observe that ; more-

y2BtPro-u-n ar) + 0 as & + 0,

when 2h+p+q-m-n>-1. (2.43)
As to (2.42), let us consider the case that m=1, n=0. Evidently,

8 8
]
Fra f dy f fx,y)H(x-x' ,y=y' )dx =
~8 -8
§ 8
iig g dy £ P,y HH{x=x"=k,y-y " )~H{x-x"',y-y ') }

ax
k

$ )
ks0 -6 -5
-8
+ %~ f Tx+k,y)H(x-x',y-y")dx +
-8~k
§
- % J f(x+k.y)H(x—x',y—y')dx]}=
8=k
8 6 8 x=8
= g ay g %ﬁ'_)}l(x-x',y—y')dx- FSfclylif(x,y)H(x—x',y—y')] ,
- - - =a§
or, summarizing,
3 8 ]
T f dy [/ £lx,y)H(x-x',y-y')dx =
8T8 52(x.y)
= { dy g =5l H(x-x',y-y') ax + ( (2.hh)
§ =6
-/ [f(x,y)H(x—x',y—y')} dy.
- x=-8

We observe in passing that the right hand side of (2.L44) is formally
equal to -ff(x,y) %% dxdy, integrated partially. This integral,
however, is not absolutely convergent when h=0, unless x'=y'=0.

The first integral on the right hand side of (2.44) is analogous

to the original integral ff fx,y)H(x-x",y~y')dxdy; when we
D

differentiate it further, we obtain forms analogous to (2.4Lk). The
second integral may be differentiated under the integral sign, since

H(#8~x',y-y') has continuous derivatives of any order with respect
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to x' and y', when x' and y' satisfy (2.39). So we find, by differ-
entiating first m times with respect to x', and then n times with
respect to y', that

am+n § 6 3
3Tvn- _({ é' f(x,y)H(x-x',y~y')dxdy =
x'ay =-§ -

§ & .m+n

> (2.45)

i m-i-1 dy +

m-1 f&l: alf(x,y) am+n-1-1H ]x=6
x' ay'n x==0

n§1 fﬁ [ am+if(ij) an-i-—1 B ]F(S

) : dx,
i=0 -8 syt ey Jy=s

m

& dxdy partially
m, n

3x 9y

with respect to x and y. It follows from the definition (2.36) of

f(x,y) and H(x~x',y-y') that

just as if we had integrated (-1)™" J] £(x,y)
D

Bif(xIX) =0 (6p+q-i), am+if(3'{ ::) -0 (6p+q-m-i)’

+ meayl

3x

[ m+n-i-1 n-i-1

9 H Zh+i-m-n 3 H _ 2h+i-n
—miTa =of¢ I R el ] CR
oax! 3y! x=%§ 3y y=t8

so that the line integrals of (2.45) are all

8

s 2h+p+q-m~n 2h+1+p+qg-m-n )

o[ ay = o6

=8
The surface integral of (2.45) behaves as

J'(S fd 62h_1 +p+q-m-n

-5 =8

axdy = 0 (G 2h+1 +p+q—m-nJ .

2h+1+p+q—m—n) » which vanishes as

Hence all terms of (2.45) are 0(6
§+0, when Zht+p+tq-m-n>-1.

2.4, The load-displacement eguations.

We saw in the previous section that when
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M Mem

(u,v,w) = I (s a sbo s m_n)x v and
m=0 n=0
Mep P q
X,Y,2) = GJ e f X
(x,1,2) (x,3) Zo qg (a pe’ pq’ pq) v
then is, according to (2.3k4), (2.33), and (2.35),
M
_ 2 03;pq 15pa _ 15pq
S = Win! § [dpq(E mn = OF m+2, n] %®5q B e ot |
procmin,
p>q,q>0
2 % 15pq (03P2 3pq )
b= [—odE’ +e E’ oE’ ]
mn min! pra>min, pg wmti,n+1 "pq mn m,n+2
P:O,Q:O-
M
2(1-0) 03
Cun = Iflvyll Z quE ’f,g ’
Ut prg>mén,
P:Oquo
with, as we recall,
m+n m+ n, 2h-1
hipg _ (1) p,q 2
E m - o7 IIJ(XY) Xy N dxady,
x oy
when 2h+p+q—m-n:0, [
=0 else,
1
r = /xZ+y2, J(x,y) = {1-(x/a)2-(y/p)2}7% .

We call the equations (2.47) the load-displacement equations.

(2.46)

, (2.47a)

(2.47D)

(2.47c)

(2.48)

We can clarify the structure and the connection between (u,v,w)

and (X,Y,2) by using index notation., We set

Y T 800281028510 8202%11> tr 0t g
Vi = BogsDigebor covns Doy
¥i = ©00*%10°%01° seees Comp
X; = dpgadypadnys e oy
T = €gp2®102%01° veees Cop
Z; = TosTq00%01e seees Loy
M
X, = 1,%,7,%2,xy,¥2, reeey ¥

i=1 to F(M+1)(M+2) |

M2.49)
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The square matrix ? : EO;Pq, adapted to this order, we call A..,
min! mn i)

. 15pq . 2 15pq .
the matrix e E m+2,n is Bij’ e~ E m+1,0+] 15 Hij’ and
14 . . . .
—%—7 E 3P is D,.. Finally we use the summation convention: when
min! myn+2 13

two indices in an expression are the same, summation from 1 to

1(M+1)(M+2) is understood. Then we have:

X = GJ(x,y)Xixi, Y = GJ(x,y)Yixi, Z = GJ(x,y)Zixi,
(2.50)
U= WX,y V= VoXey W= WX,
it i%i i%i
and the load-displacement equations are
u, = (A,,-oB,.)X,-0H,.Y.,
1 1J 373 139
v, = -oH; Xs ¥ [Aij—oDij]Yj, L (2.51)
w, = (1-0)Aij Zj, '
so that
u = xi{[Ai"cBij)Xj'oHij Yj}’
v = xi{-aHinj + (Aij—cDij]Yj}, > (2.52)
w=x.(1-0)A,, Z, »
i i) 73 J

We note that only X, is position dependent. For illustration, we

write out the quantities connected with Z for M=1:

() = (1,3,5)5 (2;) = (£0,80,804)5 ¥ = (coo'°1o’°o1)’

7 = GJ(1,x,y) foo|» ¥ = (1,x,v) o]
1o %10
To1 ‘01
1 _ (0300 _0310 _0301] [
2T ¥ = (LX) [ BV E7 B0 | fof -
0;00 _03;10 _03;01
B 10 E 10 E 10 f10
0;00 0310 0301
(B 701 B o1 B or] [ Ton
We consider again the constants Eh;gg which we defined as

integrals in (2,48). Since the integrand is an odd function of x

when (p+m) is odd, and since the domain of integration

E = {x,y: (x/a)2+(y/b)2:1} is symmetric about the x-saxis,

3)4»



giP2e

0 when (ptm) is odd. In the same way, we find that

mn

Eh;ﬁg = 0 when (q+n) is odd. So,
m+n 2h-

h: 1 3
pipa o (1L i HJ (x,y) 2"yt ————— axay,
X oy
when (p+m) and (g+n) are even, and 2h+p+tq-m-n>0,| (2.53)
=0 in all other cases.

The fact that Eh;ig = 0 unless {p+m) and (g+n) are even, has an
'3

important practical consequence for numerical calculations. This
consequence is, that the load-displacement equations for u and v, and
also those for w, can be decomposed into 4 independent systems.

In order to show this, we bring out the parity of p,q,m and n
by writing for p: 2p+e, or 2p+e' as the case may be, for q: 2q+w or
2q+w', for m: 2mt+e, or 2m+e', and for n: 2n+w or 2n+w'. Here, € and w
take on the values 0 or 1 only, while €' and w' correspond to € and w
by the equations e+e'=1, wtw'=1, so that when e=1, then e¢'=0, and
when w=1, w'=0, and vice versa. Further we will consider the case
that the degree M of the polynomials is given by 2K+v, (v=0,1;

vtu'=1):
M=2K+v, €=0,1; w=0,1; v=0,1; ete'=wrw'=v+v'=1, (2.54)

It follows from a consideration of the 8 cases v=0,1; €=0,1; w=0,1,
that the ranges of the summation can be represented in the formulae
2m2n+e+w < 2pt2gtetw X 2K+v
+min < prq £ K-vewtrv'(e'w'~1),

2m+2n+e+w < 2p+l2qte'+w' < 2K+v (2.55a)
+ mtn+l-g'=w' < prq < K-ve'w'+v'(ew~1),
while
2m+1+e=2{mte)+e', 2n+1+u=2(n+w)+u'. (2.55b)
So we find from (2.47):
N
2(2mve) ! (2n+u)! 2m+e 2ntw
_ TEUN
_ Kovewtv! (e'w!-1) N (£032P*€,20%0_p1i2pte, 2 )+
p¥q=mtn, 2p+e , 2q+w 2mte,2n+w 2(m+1)+e,2q+w’ |
p20,q>0
—ue 'l dy!?

_(JKvew+v(“*” . | glizpte’ 2atu! |
pra=m+n+i-w'-e', 2pte! ,2q+w 2(mte)+e’ ,2(n+w)+w J
p20,q20

(2.56a)
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1 t)e tye =
3(2m+e') ! (2n+w')! b2m+s',2n+w'
- t ety e
. Kevewtv' (e'w 1)d 1;0p%e , 204w .
- - \J L]
pro=m+n+ l-g=w, apre,2qte 2(meet)te,2(nvul )t
p20,q>0 i
.t 1)

. Kove'w'+v! (ew-1) ( 0;2p*e’,2q*+uw'_ . 132p+e’,2q+w’ )
prg=m+n Copte! 2qtuw’ 2m+e’ 2ntw'” 2m+e' ,2(n+1)+w'’?
p20,q20 -

(2.56b)
\
3(2mte) ! (2n+w)! ¢ =
2m+e  2ntw

K-vewtv'(e'w'=1
= (1-0) ( ) £ Oi2pre,2ate | (2.56c)

phqemen, 2pte,2q+uw 2nmt+e y2nt+w

p>0,9>0

We see immediately from these equations that the systems (2.56a) and
(2.56b) teken together form a closed system of equations for each of
the four possible choices for (e,w), viz. (e,w)=(0,0), (0,1}, (1,0),
(1,1). The seme can be said of the system (2.56c). Moreover, when
o=0, there is no longer any interection between Y and u, and between
X and v, sc that the equations (2.56a) can be solved independently
of {2.56b); in fact, (2.56a) and (2.56b) get the same form as
(2.56¢) with 0=0.

After these general considerstions, we will determine
Eh;2p+e,2q+w

omte ,2ntw in the next subsections.

2.41. A differentiation formula.

In the present subsection, we derive the following different-

iation formula:

am+n(x2+ 2)(1 -

meayn
m n (-1)k+2 (=a) min!
- k+2 o=K=£ 2k-m 2%=n
" Km/2 23n/2 Ry Wy Y Gy sy Ty GOl (2x)™"2y) ™,
(2.57)

in which we use the notation (z)j:

(2), =%%§l b (2)g=1s (2),ma(at) e arinl)y §51,2,3,000 (2058)
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Proof. We expand {(x+u)2+(y+v)2}a about (x°+y®). fccording to

TAYLOR's theorem, we have that

L Ld mn motn, o 2,0
[(xrw)24(y+v)2)® = [ ] 22 (; +§ )
m=0 n=0 m!n! 9x 3y

(2.59)

H

This expansion has a radius of convergence which differs from zero,
when {x2+y2) # 0.

On the other hand, we can expand H by means of the binomial

theorem:
iz {(x+u)2+(y+v)2}a = {(Xz*y2)+(2xu+u2+2yv+v2)}Ol =
o (=1)k(-a) (2xu+u2+2yv+v2)k
= 24212 k -
= (x2+y2)% ] -
k
w k (~1)"(~a)
= PR zlk (x2+y2] ok [2xu+u2] k-2 (2y'v+vz) jL.
k=o 2=0 e X

In this double sum, we interchange the summation, The summation
ranges are then Ogl<e, f<k<w, Then, we replace k by k+%, which gives

us an expression for H which is symmetric in k and &:

O ('1)k+£(’“)k+z ) k %
(x2+y2) 7577 (2xuu?)  (2yv+v?] ™ =

H

1 1

420 k=0 kie!
+

- - Kk 1} (-1)k+2(—a) uk m_2+n

v
(k—m)!(iti)!n!m! (x2+y2) *752 (2x) " (2y) *0.

2=0 k=0 m=0 n=0
In order to get ™" in this sum, we replace m by m-k, and n by n-%:

© = 2k 22 (-1)k+£(—u)k+£ i
= [ 1 1 I (oh—m) T {(m-x) t (22-n) ! (n=2)!

2=0 k=0 m=k n=%
% [x2+y2]a-k—l [2x]2k_m [gy]ZE‘“,

We bring the summation over m and n in front. The range of summation

of k and m was: Ogk<w, k<m<2k; this becomes O<m<=, %mgkfm. So,

k+2 -k -1
o ® n n (=1) (—a)k+2(x2+y2)a

H = m£0 HZO kgm/z zgn/2 {m-k}!(n-2)1(2k-m)!(28-n)!

x U™ (2x)7E R (2y)24 R, (2.60)

Comparing this with (2.59), we see, that indeed
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m+n( )0

3 x2+y2)®
meayn
k+2
i m n (=1} (—a)k+£m!n! (xz_,_yz] u—k—ﬂ.[zx)Qk—m[zy]Ql—n
k>m/2 £>n/2 (m-k)!(n-2)!(2k-m)!(2¢-n)!

as we set out to prove.

2.42, The coefficients of the load-displacement egquations as finite

sums of complete elliptic integrals.

We use the differentiation formula (2.57) to calculate the

integrals
Eh;2p+e,2q+w -
2mte 2n+uw
+w 2m+2n+e+w 2h-1
_L-nE 2pte 2qtw
= [] 30,y x™y e axdy,  (2.61)
2n E ax oy
where
e=0,1; w=0,1; h+p+q-m-n>-3 (2.62)

see (2.53), in which the coefficients of the load-displacement
equations (2.56) are expressed.

We cell |e| the excentricity of the contact ellipse
(x/8)2+(y/5)2 = 1, 0<|e|<1; g = /i-eZ is the ratio of the axes. When
a is the minor semi-axis, we take e>0, We will denote the minor semi-
axis by s:

e>0: s=a=gb<b=s/g, J={1-(x/s)2-(gy/s)?} 2,
e<0: s=b=ga<a=s/g, J={1-(gx/s)2-(y/s)2}7?, (2.63)
g = /1-—72, |e| = 1-g2.

We interchange in (2.61) x and y, p and q, m and n, € and w. Teking

Nl N

(2.63) into account, we see that

$2pte 2g+w - piil2qtw,2pte
2mte , 2nt+w (e) = E 2n+w,2mte (-e). (2.64)

So, without loss of generality, we consider the case of e>0 only.
We substitute the differentiation formula (2.57) into (2.61).

This gives:
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Eh;2p+e,2qu -
2m+e ,2n+w
omte 2mte  (=1)STHFETOIL)  (omre)!(2nta)!
= 1 k+3 «
am k=m+e 2=n+w (2m+e-k)!(2n+w-2)!(2k-Lm-e)?!(28~2n-w)!}
2k+2 4~ 2m=2n—-g—- 2k+2p-2m_22+2q-2 —-3-k- r
x 2 2 21m-2n-c—-W j’f J(X,y)x K el v L 2q n(x2+y2)h ] K2 dxdy,
E
1
with J(x,y) = {1-(x/s)2-(gy/s)?} 2.

In the double integral (2.65) we introduce polar coordinates:

X = srcosy, ¥y = srsiny, dxdy = sZrdrdy.
The form J(x,y) becomes

1 1

J(x,y)={1-r2cos2y-r2g2siny} "% = {1-D?r2}72, D = Y1-efsin?y. (2.66)
The integration is taken over all points x and y, for which J(x,y) is
real. That is, the limits are in polar coordinates: 0<¢<2m, O<r<1/D.
If we set 2k+2p-2m=2i, 28+2q-2n=2j in (2.65), we see that a typical
integral of (2.65) becomes

2m 1/D 21, . 23 .24
I = S2d+1 av f cos “ysin “yYr~ “dr ,
o o Yoo (w61
i = k+p~-m, j = &+g-n, 4 = h+ptq-m-n. J
Changing the variable to t = D2r?, with dr = —S%— , we obtain
2Dvt
27 2i . 2j 1 1 1
I = s2d+1 f cos " ysin “Ppdy f tdp2(1—t)—2 at. (2.68)
0 2D2d_+1 0

The integral over t in (2.68) is a complete Beta function,
1
-1 -~
Blxyy) = [ ¢ (1=t)¥7" at = 0(xT(y)/T(xty).  (2.69)
0

As to ¥, we may restrict ourselves to the interval Ofwfn/Z, owing to
the symmetry of the integrand. So we get from (2.66), (2.68), and
(2.69), that

2i  2j
[f 3(x,y) XL &4 .
E

I — =
2432 )l+J-d+£

1

_ 252d+1r(d+%)r(%) m/2 cosa%ysingngw
r(a+1) 0 (1-e2sin2w)d+£

This is a complete elliptic integral of a general type, which can,

(2.70)
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in principle, be reduced to & combination of elliptic integrals of
the first and second kind. We substitute (2,70) into (2.65), setting
i=k+p-m, j=2+qg-n. Then,

h32pt+e,2q+tw _ s2qtw,2pte _
E ’2m+e:2n+w (lel) = Eh’2n+w:2m+s (~lel) = )

(_1)k+£+e+w(%_h) !hk+2-m-n -E=0)

1]
| 2mte 2ntw k+2(2m+e).(2n+w) 2

5 — x

2n k=m+e fL=n+w (2mte-k) ! (Cn+w-2) ! (2k-2m-c) ! (20-2n-w) !

26°% r(a+d)r(3) .fﬂ/ 2 (cos2y)ErPB(gin2y) a0y,
d! 0 (1-ezsin2w)d+2

4 = h+prq-n-n>0. /
(2.71)

We replace k by k+mte, L by f+n+w. The limits of summation then

x

become O<k<m, 0<2<n. Meking use of the formulae of the Gamma function
Tlz+]
M(3+2)1(3-2) = n/cos(nz), T(3) = 4, (2); = L) | (272)

r(a+2)r(2) in (2.71) beccmes
T(3-h+mn+k+2+e+w)T(3)7n _

. . 3
it is easy to see that (5—h)k+m

1 1 ~—
(%—h)k+2ﬂm+n+e+wr(d+2)r(2) - F(3-h)T(3-d)cosmd
_ D(3-a+ptgrk+otetw) costh r(%+h) o=
T{z~-d) cosmd T
= prg-m-n_ 1
= (=1) “(E~d)p+q+k+2+e+m(;)h .
So, (2.71) becomes
3 2pFe gty =
Eh,Zm*e:23+m ()
n k+4 ' 0. 28%1
=(3), (-2)=* i _(emre)i(Potulls __ 1(q cinie pegro,e),

k=0 2=0 (m-k)!(n-2)!(2k+e)?!(28+uw)!}
(2.73)

with
T/2 (—cos2y)* (-sin?y)’ay
a+i

1(d,i,j, |e|)=1(a,j,i,-|e]|)= %T (3-a).

o 9
g (1-e2sin2y)

1T = 0when = -1, -2, -3, ...
(2.74)
which is valid when d = h+p+g-m-n>~3. When h is an integer, as it is
in the load displacement equations, 4 is also an integer, and then
(2.73) is a finite sum of complete elliptic integrals of a general

type which can be reduced to complete elliptic integrals of the first
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and second kind.

It is useful for the purpose of numerical calculastions, to know
beforehand what elliptic integrals (2.T4) actually occur in the load-
displacement equations (2.56). Let the degree of the polynomials
(2.46) be 2k+v, with v = 0 or 1. Then it can be shown that

M=2k+v, v=0,1 >+ 0 < d <k, d < i+j < 2k+v-d, 1 >0, j > 0,]
for v (eq. 2.56c) and for u,v when ¢ = 0 (eq. 2.56a,b), J (2.75)
and |
M=2k+v, v=0,1 + 0 < d <k, d < i+j < 2k+1+v=d, i >0, j > O,
for u,v (eq. 2.;63,;), g #_0. ) ) ) (2.76)

2.43. Transformation to another metric.

We will consider the case that we transform the coordinate
system (x,y,z) to snother coordinate system (x,y,z) with the same
origin and axes, but with another metric:

X=Ax, ¥y =y, z = Az, § = As, (A constant). (2.77)
We distinguish quantities taken with respect to (%,y,z) from the

corresponding quantities in (x,y,z) by a bar over the letter. Clearly,

we have
(e, v, wt)= A(ut,v,wt),
(W, v,w) = A(u,v,w), (2.78)
(X,%,2)/G = (X,Y,2)/G, G = G/A\2.
Also, -1 -1
35.3) = FGIREGRE | = e g oE = 3ey)s |
Z=g, e=e. J (2.79)
It is easy to see that
M M-m
(@,v,w)= ] [ (amn’gmn’amn)im o=
m=0 n=0
= BZ’I M-Z.m AT (8, s sC )% o=
m=0 n=
M M-m
= A(u,v,w) = ; Z )‘(B'mn’bmn’cmn)xm v,
m=0 n=0
from which it follows that
a. = A Een & s B = ) 1-B-n bos S = e c s (2.80)
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and it follows in the same way from

M M-p
(%,7,2)/6=30(xy) } | @ xRy _
p=0 q=0 pa’®pa’Tpa
M M-p
= (X,Y,2)/6 = J(x,y) J ) (a4 et q) xPy,
p=0 q=0 P4 p
that
d =aPlq ,e =2P%e [ F = P%gp | (2.81)
PQ ra* pq pa’ pg jo]
From (2.73) end (2.7h4) we see with the aid of (2.77) and (2.79) that
gHPY = 32T ghiPA g o opyprgemen. (2.82)
mn mn
If (a_,b _,c ) and (4 ) are such that the (unbarred)
mn® “mn® mn pa’®pa’Tpg

load-displacement equations are satisfied, we see immediately from

(2.47) that the barred load-displacement equations are satisfied by

- s - _ lem-n
(amn,bmn,cmn) =2 ( mn bmn’cmn)
a e, ,F )=a2"P%(g ,e ,f

( pa’“pa’ pq) ( pq’ pq’ pq)’

that is, by the same parameters as in (2.80) and (2.81). So, solving
the load-displacement equations for one value of A, means solving them

for all A.
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3. Special cases of the load-displacement equations.

In section 3.1 of the present chapter, we develop the theory of
the load-displacement equations further. In fact, we will study the

special case that the traction behaves as Y1-(x/a)2-(y/b)? as one
approaches the edge of the contact area, rather than as

V1-(x/2)2-(y/b)2 -1, as we had in chapter 2, see eq. (2.32). This is

of importance in some applications of which we will name the normal
problem of HERTZ, which is treated in 3.221, and the tangential
problem of CATTANEO [1], and MINDLIN [1], which is treated in section
3.222, Since for a general polynomial displacement the traction goes
to infinity at the edge, the demand that the traction must vanish
constitutes a restraint on the displacement, in other terms, the
displacement must have a special form in order to meet it. In the
HERTZ case this special form results from the adaptation of form and
size of the contact ellipse; similarly, in the MINDLIN-CATTANEO
problem of section 3,222, and in CARTER's [1] problem, the area of
adhesion is =0 adapted.

One can perhaps say that in tangential problems in which slip is
actually present, but is neglected in the calculation, the load-
displacement equations of section 2.l must be used: the infinity of
the traction at the edge of the contact area indicates an area of
slip. This is the case, at any rate, in the MINDLIN-CATTANEO problem
without slip (sec. 3.212), in DE PATER's [1] treatment of the problem
of the rolling contact between two cylinders with parallel axes with
infinitesimal longitudinal creepage, and in the treatment of the
problem of rolling contact with infinitesimal creepage'and 3pin of
section 4.3. In that section, the interpretation of the traction
singularity is treated more fully. In normal problems, the pressure
singularity can indicate a sharp edge, as is the case in the problem
of an elliptical die pressed into a half-space, see section 3.211.

If in the tangential problems slip is not neglected, as we have
in sec. 3.222, the MINDLIN~-CATTANEO problem with slip, without twist,
and in the theory of rolling with arbitrary creepage and spin,
chapter 5, the tangential traction generally vanishes at the edge of

the contact erea. For the normal pressure distribution will mostly
be Hertzian, and the friction law demands that |(X,Y)| < uZ. So X and
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Y must also vanish at the edge of the contact area, and at least as

fast as the normal load Z.

3.1, The load-displacement eguations, when the surface tractions

vanish at the edge of the contact area.

As we pointed out in section 3, the demand of vanishing
traction at the edge of the contact area E constitutes & restraint
on the surface displacement differences (u,v,w).

We had found in sec. 2.2 (see 2.32) that when

_) M2 Mi2-p
(X,¥,2) = G{1-x2/a2-y2/p2}72 § 7} (dI')q,eI')q, éq]xpy R (3.1)
p=0 q=0
then
M+2 M+2-m on
(upva) = Z E (a'mn’bmn’cmn)x Yy . (3.2)
m=0 n=0
Now, the tractions must vanish at the edge of the contact area. This
means thet the constants (d' ,e! ,f! ) must be so, that
pa’ Pq Pq ’
M+2 M#+2-p
I (@ et )y
=0 q=0 ra*°pa’ ‘pa

is divisible by {1-(x/a)2-(y/p)?}. That meens that

M+2 M#+2-p )
(X,Y,2) = GI(x,y) pgo qZ (&) grenerTa)x"y
MoMep 2 21,P.a
= GJ(x,y) pzo qzo (dpq,epq,qu){1-(x/a) -(y/0)2}x
f > 5 M M-p xP q X
= G/1-(x/a)?-(y/b) pzo q_z.o [dpq’epq’qu] Y
M M-p
= q 1 pt2 g 1 _p q+2
= GJ(X»Y)pZO qzo [dpq,epq,.quJ( Y- Xy oy,
3xy) = {1-(x/a)2-(y/0)2)7F )

(3.3)

Comparing (3.2) and (3.3), we see that there are more constants
(a.Inn bmn,cmn) in (3.2) than there are constants (dpq’epq’qu) in
(3.3). So, the matrix of the load-displacement equations is no
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longer square.

We seek the connection between (a.mn,b ’cmn] on the one hand,

mn
and [dpq’epq’qu) on the other hand. For that purpose we define
pPd o ghipa 1 phspt2,a 1 phip,qt2 (3.4)
mn mn g2 mn b2 mn

We note that by (2.53) Eh511n’g— = 0 when Zh+ptq-m-n<0, (h=0,1), but that

hyp+2,q h3p,qt2 .
for 2h+ptq-m-n = -2, E ’fnn *3 and E“’m;‘ do not vanish for all
values of p,q,m,n. Keeping this in mind, we see from (3.3), (3.2),
(3.4), and (2.47) that

2 }f { (0'pq 1;pg ) 13pq } \‘
a = = d {(F*>*=0gF? -oe F? .
mn minl! pta>m+n-2, joo mn m+2,n ra m+1,n+1
20,920
2 bf { [0'pq Y.L | 15pa }
b == e |[F*>*-0F’ —-d_ F° s b
mn mind pre>men-2, Pq mn m,nt+2 Pq m+1 ,n+1
20,920
M
_ 2(1-0) 0;pa
mn  mint ) qu Fim *
pte>mt+n-2,
PEO:QZO

(3.5)
We will now calculate F'*2L, e see fram (3.4) and (2.53) that
thig‘ = 0 when 2h+ptgq-m-n = -3, —h’ =5y ey (3.6e)
and we note that (p+2) and (g+2) have the same parity as p and q,
respectively, so that it follows fram (3.4) and (2.53) that
Fh;ig = 0 unless both (p+tm) and {q+n)} are even. (3.6b)

Hence, the load-displacement equations can agein be decomposed into
4 sets. Further, by (2.64) we have fram (3.h) that

PR (o )=EBE(Je )= (1/52)EVE 29 (o] )- (g2/52) S E2 T Je ], (3. 7a)

FUR (- leN=EV 2 (- fe[)- (1/s2) B3 LT R (- o)~ (2/52) I L2 P (- o),

(3.7p)
where s denotes the minor semi-exis, and g is the ratio of the axes
min (a/b,b/a). Since Eh;ﬁg(e)=Eh;gi(-e) according to (2.64), it
follows from (3.7) that
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PP o IO ). (3.8)

y2ptre,2qtw
Fh’2m+e:2n+w[l ).

We consider a change of metric as described in sec. 2.43. It is easy
to see from (3.2), (3.3), (3.5), and (3.4), and from (2.32) and

(2,47) that the analysis of 2.U43 remains valid in the present case of

So, by (3.6) and (3,3), we only have to calculate

zero stress at the edge of the contact area, so that the effect of a
change of metric here is also described by (2.80), (2.81), and (2.82),
if we read F for E. So, we have to set up the load-displacement
equations for one metric only.

We see from (3.l4) that the Eh;ig occurring in the expression for
FPPL 217 have the same h, m, and n. So in substituting the Eh;ig
froﬁ (2.73), we can bring the double summation outside the brackets.,

Then we have for e>0:

Fh;2p+e,2q+w _ W

2mte , 2nt+w

. ohi2p+e,2q%w 2)ph32(pH1)+e, 20w 2/¢2)ghs2p*e,2 (gt )+
B omre,2n+w (1/5%)E 2mte ,2ntw - (g2/5%)E om+e , 2n+uw -
n k+2 , y G2d+1 r

b (omre)d(Pntw)l s 7(q papre,argru,e)+

1 +w ¥
(E)h(‘z)E wkzo zzo (m-k) I(n-2) ! (2k+e) ! (20+0w) !

—I(a+1,k+ptl+e, t+qtw,e)-g2I(d+1,k+pte, 2+q+T+u,e)},

e>0, d=h+p+g-m~-n.
(3.99

We define

J(a,i,5,le]) =1(a,i,3,le]) -I(a+1,i*1,3,le]) -g?I(a+1,i,j+1,lel) ,
J[d,j,i,-|e\]=I(d,j,i,-|e|)-I(d+1,j,i+1,—|e|)-g21[d+1,j+1,i,-‘e|],
' (3.10)
so that
J(4,i,j,e)=d0(d,5,1i,~e), (3.11)
and from (3.8),(3.9),(3.10) and (3.11) it follows that

1:,h;2p-l~e:,2q+m (e) = Fh;2q+w,2p+e (we) =
2mte , 2n+w 2n+w, 2m+e

1 g+ ) hk+2(2m+e)!(2n+w)! 241

=(3), (-2)

Wbo gbo ToE) 2 (n-2) 1 (2kve) H(2hFw) ! I(d,krpre, braru,e).

P - g unless (p+m), (g+n) are hoth even and d=h+p+g-m-n>-1.

(3.12)
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Comparing this with (2.73), we see that Fh;gg and EP

P pave exactly
mn
the same form, the only difference is that F has J-functions where E
has I-functions,

We calculate J(d,i,J,[e|) from (3.10) and (2.74).

J(dninj!|e|)= I(d,i,j,|e|)— I(d+1,i+1,j,|e|]-gzl(d+1,i,j+1,|el) =

1y n/2 (-cos?y)*(-sin2yp)? ay 1 1
= F (E—d)i""j ! d+_| - (§'d—1)i+j+1
¢ 0 (1-e2s5in2y)" 2 (a+1):

x fﬂ/z (-cos2y)* (-sin?y)? dy (~cos?y-gZsin?y).
0

(1-e25in2w)d+3/2

Since 1/4! must be interpreted as zero when 4@ = -1, we can write

1/d4! = T%E%TT ; further, cos?y+gZsin?y = 1-e2sin?y, and finally
1 . — 1 - 1 -
(z-d--1)i+j+1 = (3-a-1)(3 d)i+j , SO that
.. 23+2-243-1 "2 (eos2y)}(—sin2y)?
J[d,l,J,|e|)= (1-a). . ) sin‘y a
2(a*r1)1 + - T v
30 (1—ezs:|.n2w)d+2

_ 1 4 /2 (-coszwli(-sinzw)
a % zd+1;! (§_d)i+j é‘ (1—ezsin2w)d+%

J(a,i,3,]el) = 3(a,3,1i,~]e|), 1/(a+1)! = O when a = -2,-3 ...

j >
ay,

(3.13)
Comparing this with (2.74), we see that
1(d,i,j,e) = 2(a+1)J(4,i,3,e), (3.14)
so that we find from (3.12) and (2.73), that

Eh5§g = 2(d+1)Fh;£g , 24 = 2h+ptq-m-n, (3.15)

which meens that the coefficients of the load-displacement equations
for an infinite traction at the edge of the contact area can be found
by multiplying the corresponding coefficient of the load-d.splacement
equation with zero traction at the edge with 2(d+1).

It is useful for the purpose of numerical calculations to know
beforehand which elliptical integrals (3.13) occur. When the degree
of the traction polynomial is M = 2K+v, v = 0 or 1, it can be shown
that
M=2K+v: w, and (u,v) when 0=0: ~-1<d<K, max(0,d)<i+j<2K+v-d (3.16a)
M=2K+v: (u,v) when ¢#0: -12d<K, max(0,d)<i+j<2K+1+v-d. (3.16b)
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3,2, Examples of the use of the load-displacement equations.

A list of the functions J(d,i,Jj,e) and Fhﬁg.

In the present section we give a few examples of the use of
the load-displacement equations. First we will give a list of the
elliptic integrals out of which the Fh’fn)g are formed, and a list of
these coefficients themselves. We define with JAHNKE & EMDE [2]:

n/2 n/2
k=] —2__ | E=/ Vi-e?sinZy ay, (3.17e)
-0 Y1-e2s5in?y 0
2 . n/2 . n/2 2

C = In/ 51n2g{coszgzdy53 , D= f 51n22d2 , B = f cos“ydy ,

-0 Y1-e25in2y -0 Y1-e25in?y 0 Y1-e2s5in?y
(3.17p)

K = 2D-e?C ; E = (2-e?)D-e2C ; B = D-e’C. (3.17¢)

The functions K and E are the complete elliptic integrals of the
first and second kind, respectively. The functions B, C, D do not
have a special name. The five functions are tabulated by JAHNKE &
EMDE [1], pg. 78, 80, 83, and 82, In Table 1, we give a small table
of the values of C and D, teken from JAHNKE & EMDE [1].

Table 1. C and D'as functions of g = v1-eZ.

g ¥0 0.1 0.2 0.3 0.k 0.5

C |-2+log 4/g| 1.7351 [ 1.1239 |0.8107 |0.6171 |0.4863
D |-1+log 4/g | 2.7067 | 2.0k75 [1.6827 |1.4388 |1.2606
g 0.6 0.7 0.8 0.9 1.0

€| 0.3929 | 0.3235 |0.27060(0.22925/0.19635 = Tz
D| t1.123% | 1.0138 | 0.9241 [0.B491 |0.7854 = -

It is well-known that the complete elliptic integrals of the
type we encountered can be expressed in two independent elliptic
integrals. We will list the reduction to X and E, because these
functions are widely tabulated. We also give the reduction to C and
D, which are tabulated in JAHNKE & EMDE [1], because in our short
list of elliptic integrals the coefficients of D and C do not

contain the excentricity |e| in the denominator, while g2 = 1-e?
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oceurs in the denominator only twice.

The reduction is accomplished by regarding X, E, C, and D, and
J(d,i,j,|e|) as hypergeometric functions F(a,bjcje?) in the
following manner. According to ERDELYI et al. [1], vol. 1, pg. 115,
eq. 2.12 (7)

2c¢-2b-1 2b-1 a

v _er(e) "2 (cosy) (siny) v
F(a,b,C,Z)— I‘(bjl‘(c—bj é (1-Z sinzw)a (3.183)
@ (a) (b)
= ) e Z s When [z|<1.
n=0 ~"'"'n ’

We set z=e?, a=d+3, b=j+i, c=i+j+1 in (3.18a), and from this and

(3.13) it follows that

o ~ (=1)* T(3-g+i+j) /2 (coszw)i(sinzw)jdw
J(d,l,J,|8|J— 2{a+1)! I‘?%_d) g (1 2 . 92 )d+r
-e"sin u) (3»18b)

(=03 p(3oaritj) r(i+r(isd)

BRI i T ey e vy ) AL AU A A FICOR

Further we have from (3.17) and (3.18a) that

2y,

L

F(3,3:13e

I
ERESIE
[I5]

C = =g F(3/2,3/2533e2); D

(3.19)
The reduction itself is accomplished by repeatedly applying the 15
relations of GAUSS which connect F(a,bjcjz) with any two of the 6
functions F(at1,bjc3z), Fla,btl3c;z), F(a,bjctl;z). These relations
can be found, for instance, in ERDELYI et al. [1], Vol. 1, par. 2.8,
pg. 103-10b4, eq. (31)/(L45). We shall give the result of this

reduction without proof. Since according to (3.11) and (3.1k)
I(d,i,j,e) = 2(a+1)J(d,i,j,e) = 2(a+1)J(4,3,i,-e), (3.20)

we give only J(d,i,j,]|e|).
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J('T’O’Os |e|]= %[2—62)2 - %ezg =z 5
2 2
- 1-2
3(-1,0,1, le)= <i(3-2e7)p + de% = - 1T K+ g,
1- 2 1+ 2
J["1;1)O’]e|)= -5[3—62)2 + %e?_g = L 2 = 7 heg E,
2 _onh 2_palk
J(_1’0,2"e\)= %(11_832l2 ¥ %[1_he2)9? 1+i ;2e K - 2+3§ ZBe E,
e e
—3e2+el —el4el
(-1 el)s He-ed)p - glivet)e = - EIEE g R g
e e
2 L _T7al2_2ak
3(-1,2,0,1el)= §(11-3¢2)D + g(1-9e?)c= Mi K-S 72 =k,
e e
7(0,0,0,]el) = D - 2e% =} K,
1 1
3(0,0,1,lel) = - & p = S
1~ 1
J(O,1,0,‘e“ =_%P.+%ezg_ =J-I-ez E"L—e_z'g.’
1 _ 2+e 1+e?
3(0,0,2,lef} = i n+ 5¢ =a K- E
1 1 1-e2 2-¢?
J(O,1,1,lel)=§2-—8'g_ = - i K Sei E,
o 14 2.2\~ = 2=5e2+3e" 1-2e2
J[O,E,O,IEI] =k 2+ 8(1 3e )g_ 8eL* E )-&e"‘ E’
J(1,0,0,le|) = {(2-e2)D - e2c}/ug? = E/kg?,
D e?C 1 1
J[1i0)1!le|J = - = - .IE+ E*
8(1-e2) 8(1-e2) 8e? Be2 (1-e2)
1 1
J(1,1,0 =D =—%K - —E,
(a ’ "el) T2 8e2 —  Be2 — )

We can form the following sets
from the elliptic integrals (3.21):
X=Y=7 + = on edge; w, and (u,v) for

{u,v) for o # 0
X=Y=Z = 0 on edge; w, and (u,v) for

(u,v) for 0 # 0

The E's and F's which are needed for those

50.

: the
: the
: the

2nd degree
1st degree
1st degree

the Oth degree

equations are:

(3.21)

of load-displacement equations

(M=2),
(M=1),
(M=1),
(M=0).



0,01
i 01

O 20
EO 20

0320
00

0311
E
9302
00
150302
20

%EO 302

02

1300
s (D~3e%C)= sk Chos
=1 (p-e2¢)= -5~ 1300
(P'_e 9)‘ -s B iE 20
~Tg? 1300
s 02

}s(D~e2C)= #sB

_3—1 {22_’_(1_362)9}: 5’1 (9"3%—9)
~s™ g2 (p-C)
1:10
=2 40
- £1310
i E 30
-s-1g2(29+g) %E? ;12
rs3 L1301
xS D IE o
bs{p*+(1- 2e?)C}= (2B-D+C) %E1;21
1501
-isg’C 3 75q
}s(p-C)
3
oy (D—GZC)z —— B
8g2 ~ ~ =
"%S_C_
1s(D+C)




- 3.21. The case of infinite surface traction at the edge of the

contact area.

In 3.211 we shall treat a normal problem, and in 3.212 a
tangential problem in which the traction becomes infinite at the edge
of the contact area. So the building blocks of the coefficients of
the load-displacement equations are the Eh;gg’ see (2.73), (3.13) and
{(3.14):

giaptes2ate (e) =
2mte , 2ntw

+ m n hk+2 omte ) ! (2 1 2d+1
=(%)h(_z)e ’ kZO zgo (m—k)'f(n—iglEEE::%?HWW T(a,ktpre, Ltqru,e),

d = h+ptg-m-n; I(d,i,j,e) = 2(a+1)JI(da,i,J,e).

(3.23)

The equations themselves are given in (2.56).

3.211. A normal problem: a rigid, flat elliptical die pressed into a
half-space.

A rigid, flat die of elliptical circumference with semi-axes a

and b, s = a £ b, is pressed into the elastic half-space z 2> O-with

a normal force N, with the action line along F=Xgs V=V The force is

applied so, that contact takes place over the whole of the base of

the die, Friction is assumed to be absent., This problem was treated

by DOVNOROVICH [1] with the aid of the load-displacement equations.
After deformation, the equation of the base of the die is

W= zo= e e, X+ ey (3.24)
+
(

the vertical displacement difference w is clearly equal to w (x,¥,0)
since the die is perfectly rigid, and that in turn is clearly given
by (3.24). The constants s C1g» and ¢y, follow from the demand
that the total force and moment exerted by the half-space on the die
is in equilibrium with the applied load. We have for the normal

pressure distribution on the half-space:

/e Z= GBI (£ 45, x % .3),
+ 00 "10 01 (3.25)

G 2G+, c=ag 3

it follows from considerations of equilibrium of the die that
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2
N = jEf[ Z dxdy = 2mabG f,,, XN = jé x 7 dxdy = 3 1a3bG £10°
2
ol = )’é y 2 axdy = 3 mab3G £,
or, :
- =3 3 =3 3
fOO = N/2mabG, f10 5 Nxo/ﬂa. bG, f01 =5 Nyo/na.b G. (3.26)
The condition that contact must take place over the whole of the base
of the die is equivalent to the condition that the normal pressure is

everywhere positive, that is, according to (3.25) and (3.26), that

N 3xx, 39y,
foo * T10X* To¥ =g (1 F — ) > 0, (3.27a)
which after some calcuwlation leads to the condition
2 2
*o Yo

% RE + [% )2 1 (3.27v)
from which we see that (xo, yo) must lie inside the ellipse which is
concentric, similar, and similarly oriented with E, but the axes of
which are —;-)- times the axes of E.

The load-displacement eguations are, according to (2.56c) and

(3.22):

_ 0300 _ (1-0)x 2qy o L1=ON
Cop = 2L1-0)E gy foo = g (2D-e°C) = g K
. 3(1-0)Nx 3(1—0)Nxo
e, =2(1-0)E%10 e -0 (p.20) - —23,
10 10710 0 gaZpe T T 7a?bG | (3.28)
0301 3(1—0)Ny0
= - b4 = ——
Co1 = 201=0)E gy fog = 5 B
G = 2G+, o= cs+,

which is also the solution of the problem.

3.212, A tangential problem: the problem of CATTANEQ and MINDLIN
without slip,

Two elastic bodies a.revp\ressed together by a normal force N, so

that a contact area forms between them. According to the HERTZ
theory, which we assume to be valid, the contact area E is elliptical

with semi-axes a, b (s=a<b):
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E = {x,y: (x/a)2+(y/p)2 < 1}, s = a < b, (3.29)

After this, a tangential force [Fx,Fy] and a torsional couple MZ are
applied., Assuming that the HERTZ distribution does not influence the
tangential displacement difference and vice versa, it is required to
find the tangential displacement [dx,Gy) and the torsion angle B of
the upper body with respect to the lower. Slip in the contact area
is assumed to be absent, This problem was treated by CATTANEO [1] and
MINDLIN [1].

Since we must choose the unstressed state so that the displace-

ment vanishes at infinity, we have in the contact area

+ -
u(x,y)=u (x,y,0)-u (x,y,0)=6x-6y=aoo+ao1y,

+ - . 0
v(x,y)=v (x,y,0)-v (x.y,0)=6y+8x=boo+b1ox. (3.30)

Therefore, the tangential traction distribution over the contact area

has the following form:

-
o 1=(x/a) =3/ (aygtd, ¥)s

X =
=1 (3.31a)
= - 2_ 2
Y G/qﬁ(x/a) (y/v) [e00+e10x]
so that
= = = - =2 2o _p2
F =2mabGd ), Fy—21re.bGeoo, M, / 1{: (xY-yX) dxdy= 3 TabG(a e,o~b d01)
(3.31b)
The load~-displacement equations are:
_ _ 0300 1;00 3
&0 = S5 = 2(E 750 = 9B 50)dggs :
- - 0;00 _ 1300
boo = 8y = 2(E 0 = 9B oo)eqns (3.32)
o, =-8=2(E50 - ou"0Ma _aom310 ¢ ' '
01 01 21/%01 12 ©10°
_ ~ 0310 1310 - 1;01
b= 8= 2(E 10 ~ OE 12)e01 20E *51 dgqe
Now, e>0, so that according to (3.22),
EO;OO = oK, E1;00 = aD, E1;00 = aB, E0;01 = aD,
00 = 20 = 02~ = 01 =4 (3.33)
E1;01 = aC E1;10 = 2q2C E0;10 = aB ’ *
o1 = & 12 = 88 10 .

e

From {3.17¢), (3.31b), (3.32), and (3.33) we can solve 8 Gy and B:
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(K-0D)F_ (X~oB)F 3, (B D~oE C)
§ =2 § =——dL pg=L_— -, (3.34)
x G y TG 103G (E-bog2C)

3.22, The case of zero surface traction at the edge of the contact

2ret.

In 3.221 we shall treat the HERTZ problem, and in 3.222 the
problem of CATTANEO and MINDLIN with slip, but without twist. The
HERTZ problem is treated in some detail, since its results are
frequently used in the present work. We also give a numerical table.

The building blocks of the coefficients of the load-displacement
equations are the Fh’flg of (3.12):

n o k+2 520+

52p%e, 2t (yo(2 et ¥ (2mte) ! (ontw)!
OB RCOLN I R G=a ey

x J(d,k+pte, t+qtw,e), d = hiprg-m-n>-1,
(3.35)

The equations themselves are given by (3.5).

3.221., A normal problem: the problem of IERTZ,

Two elastic bodies are pressed together by a normal force N, so
that a contact area forms between them. Assuming that friction is
absent, and that for the boundery conditions the bodies may be
approximated by elliptic paraboloids, find the contact area, the
pressure distribution over the contact area, and the depth of
penetration of the bodies.

The most important case in which we shall use the HERTZ problem
ig that of two bodies of revolution vhich are steadily rolling over
each other, In that case the parallel circles of both bodies are
approximately parallel. We shall confine ourselves to that case. The
axes of the paraboloids then coincide., The elasticity problem
remains the same when the axes of the parsboloids are not parallel,
but the boundery conditions require a little more algebra, which is
given, for instance in LOVE [1] pg. 193-194, We shall give the
results of this analysis only.

We must choose the unstressed state so, that the displacement

and the stresses vanish st infinity; in such an unstressed state, the
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bodies intersect, Let the principal radii of curvature of the bodies
be given by R;, R;, where a + refers to the lower body, and a - to
the upper body. We count them positive if the centre of curvature in
question lies inside the half-space under consideration. The equation

of the surface of the bodies near the contact area is

Fo-x2 . y? ¥ .
z =+ E—: Tl a+ s upper sign: upper half-space,
oRT 2R : (3.36)
X y lower sign: lower half=-space.
In the contact area, we have w'(x,y,0)+z -w=(x,y,0)-z" = 0, that is,
- +
wix,y) = 27(x,¥)-2" (x,y)= ~ Ax?-By?+a, (3.37)
with
- + \
@ =0 =0,
A:%(l;—-{-l:. R
R, Rx if the axes of the paraboloids
1 1 are {(nearl arallel
B=d (L+l, ( y) p ,
R R
J y
l:%(A+B)=%(1_+—1-—+—1—+l—),
P R' RT R, &
1 1 2 2
p: characteristic length of the bodies;
R: o principal radii of curvature of lower (+) and > (3.38)
L] .

upper (~) body, tsken positive when the
corresponding centre of curvature lies inside

the half-space under consideration;

4(A-B)2 = ( l: - l: ]2 + l: - l: )+
Ry R Ro Ry
+2(JT-1:)[1—+-1:) cos 2 w,
R1 R2 R2 R1

w: angle between the plane of RT and the plane of R;,

in case the axes of the paraboloids are not parallelv

This means that .
00 hy = =By cp, = B (3.39)

We propose the hypothesis that the contact area is elliptic with

Chn = O

semi-axes a and b,
E= {x,y: (x/a)2+(y/b)?< 1} (3.L0)

We take the normal stress in the form
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Z =G fy, Y1-(x/a)2-(y/b)?, (3.41)

vhere G is the combined modulus of rigidity. We will also need the
combined POISSON's ratio o, They are given by (2.10), which we repeat

here:
+ -
1 1( 1 1 o 17 O o
lag( ey, 21T+, (3.42)
G ¢t G ¢ ¢
The total normal force can be found from (3.41) by integration:
g = [ - =§_Lnn r E__B_]-l__ fa =
N = ]é Z dxdy 3 1la.uu.n.00, o0 Srans * (3.43)
The load-displacement egquations are
- _ 0300
@ =cy = 2(1-0)F 00 foo *
_ _ 0300 i
-A = cyy = (1=0)F 750 £40 s (3.44)
_ - 0300 )
-B = ¢, (t=0)F 02 Too 3
according to (3.22),
N
0300 0300
F’ooue') =F’oo(‘|e|] =%SK,
0300 0300
F ’go[lel) =T ’02[—|el) = "(_1_)‘32_(_3_)/3 = -B/s, ? (3.45)
0300 _ 0300 _ _
F ’og[iel] =F ’20(—|e|] - “(1"82)2./5 - '32_12/3-
s: minor semi-axis of contact ellipse. J
So we obtain from (3.43), (3.4k4), and (3.45):
3N(1-0)sK 3N(1-0) (D-e2C)  3N(1-u)B
= TZrabe A(|e|)=B(—|e|)= 2mabsG = “Srabsg ® (3.46)
3N(1-0)(1-e2)D  3N(1-0)g?D
B(lel)=8(-le}= SrabsG . 2nabsG '

Since D > C, see sec. 3.2, Table 1, it follows that A(|e|)=B(~|e|)>
B(|e|)=A -|e|), s0 that we have:

‘A=%(i;+;—_)zB=%[;—++§:]=>eio’afb’

X x vy (3.47)
A=%('1T+1_ )<B=%(_1__;+_1:)ée50,b§a.

Rx Rx RY RY

In order to find the excentricity of the contact ellipse, we set with
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IIERTZ
|1/, + 1/87 = 1/B] - /K|

pJA_Bi = 4+ - }_; Ey_- ] (30’48&)
1/Rx + 1/RX + 1/Ry + 1/Ry

A-B| _
A+B

-+

cosST =

and it follows from this and (3.46) and (3.17c) that
e?(D-C)
coST = —F— . (3.48b)

E, le| and g are tabulated as functions of t in Table 2, ‘This table
is taken from LOVE [1], p. 197, and from JAHNKE & EMDE [1], p, 78 and

Table 2. |el, g, E, K as functions of .

t |90° |80° [70° |60° |50° |u0® |30° |20° |10°

g=s/% | 1.00 | 0.79 | 0.62 | 0.47 | 0,36 |0.26 [ 0,18 | 0.10 | 0,05 | 0.00
le| |0.00 |0.61|0.,78]0.33|0.93 [0.96|0.98 |0.99 [0.999 1.00
K 1.57 | 1.76 | 1,97 | 2.21 | 2,46 | 2,75 { 3.14 [ 3,71 [ L.bO w
E 1.57 | 1.41 [ 1,29 1,19 | 1.13 | 1,03 | 1.04 | 1,02 | 1,01 | 1,00

30. We see from (3.48) that the shape of the contact ellipse depends
only on A and B, and not on the applied load N or the elastic
properties of the bodies., The size of the contact area does depend on
the load, as follows:

3N(1-0)E  3N(1-0)E

= - = — = = ‘/-—.b oh
A+B p 2wabsG onGe3vg > ¢ a5 (3.49)

n

or
3N(1-0)pE = bre3G Vg, ¢ = Yab. (3.50)
A frequently-used quantity is fOO’ It is
i /g
£ 3 _Berg 2 - & (3.51)

00 = ZmabC  (1-0)Ep (1=0)E p °
Finelly we determine the penetration o of the bodies according to

(3.44), (3.46), (3.51)

a= (1-g)K f

2 g2

00 s = T . (3‘52)

=

3.222, A tangential problem: The problem of CATTANEO and MINDLIN with

slip, without twist.

Two elastic bodies are pressed together by a normal force N, so

58.



that a contact area forms between them., According to the HERTZ theory,
which we assume to be applicable, the contact area E is elliptical

with semi-axes a and b, a < b:
E = {x,y: (x/a)?+(y/p)2}, a < b, (3.53)

After this, a tangential force [Fx,Fy] is applied. Assuming that the
HERTZ distribution does not influence the tangential displacement
difference, and vice versa, it is required to find the tangential
displacement (Sx,6y) of the upper body with respect to the lower.
This problem was treated by MINDLIN [1] end CATTANEO [1].

LIr the.tangential force is below its maximal value as predicted
by COULOMB's law,

|[Fx,Fyﬂ<uN, u: coefficient of friction (3.54)

the contact area is split up into a region of adhesion Eh in which
there is no relative movement of the particles in contact as a
consequence of the tangential force, and a region of slip E_where
the tangential traction has reached the COULOMB value |(X,Y)|=uZ. The
boundary conditions in Eh are the same as those of 3,312, with B=0:

u(x,y) = u+(xsy:o)"u-(x’Y:O) = 6}( s

. - ing . (3.55)

v(x,y) = v (x,y,0)=v (x,y,0) = 6y R
The boundary conditions in Eg are, that the tangential traction is
equel -to the COULOMB value, and that the local slip takes place in
the diréction of the local tangential traction:

[(X,Y)|=uZ = Gu oo V1-(x/a)2-(y/b)2, £fo0 = %T} | in Eg (3.56a)

slip in direction of tangential traction. (3.56b)

In the analysis of CATTANEO and MINDLIN, which we will give here with
the aid of the load-displacement equations,boundary conditions (3.55)
and (3.56a) are met completely; (3.56b) is satisfied only approxim-
ately, for it is assumed that (X,Y) is in the same sense as (Fx'Fy)’
rather than in the same sense as the slip. The solution is found by
a device which was already used by CARTER [1] in his treatment of

the problem of the rolling contact with creepage of parallel
cylinders. This device consists of assuming that the stress distribu-

tion is that which obtains when camplete sliding tekes place,
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(X',Y'), from which is substracted a stress distribution (x",Y") over
the adhesion area alone, and which is similar to the stress distribu-
tion of complete sliding. As a consequence (3,56a) is met automatic-
elly and, (this hypothesis was a.dvancéd by CATTANEO and MINDLIN), the
area of adhesion will be bounded by an ellipse., We will show that the
ellipse is similar to the contact ellipse, concentric with it, and .
similarly oriented. We denote the semi-axes of the area of adhesion
by a",b", and we will prove the statement just made by showing that
the boundary conditions (3.55) can be met.,
Denocting by (u',v') the displacement differences due to the

stress distribution (X',Y') of camplete sliding, and by (u",v") those

due to the stress distribution (X",Y") over the adhesion area alone,

we have
F LT uGf

(X',¥')= uZ ( xF I) = FOO ( )/1 (x/a)2 (y'/b)2 in E,

=0 outside E,

(F_,F) L (3.57)

(X",¥")= uGfy, —XTX- Y1=(x/a")2=(y/o")2 in E ,

=0 outside Eh’

(%) = (x',¥)-(x",v"); F= [(F,R]I,

and ’

(u',v')=(a o,boo]+[a20,b20]x2 +(a11,b11)xy' +(a.02,b02)y2 in E, (3.58a)

(u",v")= ( oo’b ) ( 20’b:20J ( 11,'b'1'1]}Q’ +( 02]}’ in Eh (3.580)

(uyv) = (u'=u", v'-y") = [5x (Sy) in Eh,(3.58c)
where, according to the load-displacement equations (3.6),
(0300 13004 | n oo (10300 _ 1500 l
a00=2 (F*5p = 9F "50) 300'2(" 00 = °F ’20)
= (50300 _ 51500 F o = (F0300 op 1300 F
o= (F 750 - ko) (ufoo-fi , 220 (2 - xo) | uEd s
b, .= -20F1’00 "= —2gp 390
11 22 11 22
0300 _ 1300 wo_  (h0300_ M1;00
se™ (F gp = OF 3p) . (F " gom o7 75p
’ : (3.592)
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b2 (F% 09 = ar'300) | vpg=2 (F308 - oF 300) |
oo™ (FO;SS - °F1;22J F LN (%(_)’gg "g‘“gg F
a,,= =20F *00 L Moo T s all = -2 Fls o THEGo T -
by~ [Fo’gg UF1;82) j b= (F ["O 82 - oF's ggJ
' (3.59D)

Here the coefficients P9 gre taken with the minor semi-axis a of
the contact area, while the Fh;ﬁg are teken with the minor semi-axis
a" of the adhesion area.

Now, we see from (3.35) that the coefficients F and F of the
second degree terms are equal to each other but for a factor g 1=a"1

and (s")-1=(a")—1, since d= -1, So,
" '

F=F a/a" in 2nd degree terms. (3.60)
If the second degree terms in (u,v) are to vanish in E , as is

demanded by (3.58¢), we must choose
"

£80 = + = Too (3.61)

If we do so all second degree terms vanish simultaneously.,
We are now in a position to express the semi-axes a" in a, with

the aid of the prescribed forces Fx and Fy:

F, = J'f X' dxdy - féh Maxdy = ff X' dxdy - f aaz : X'axdy =
= {1-(a"/a) I u F_N/F,
Fy = {1-(a"/a)3} u Fy N/F,
so that
A ram)/3, F= AT 2 (3.62)
b a X y* ‘

As to the zero degree terms, it follows from the fact that 4=0,
1"
that F = F a"/e, so that
f"

o = 00 a" _ 2/3 "o 2/3
According to (3.22),
0300 13 OO 1500
F oo = ¥a, P, =13Da, F’ =3B, (3.64)
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and we finally find that

3ulF
5, = {1-0=r/m)?/ 3} (gooD) 5
(3.65)
3uNF
s, = (1-0-5/0) >/} (-08) g

If we let F/uN approach zero, we get again the result (3.34).

It should be observed that for non-vanishing POISSON's ratio o
the boundary condition (3.56b) is met only approximately. In order to
see that, we consider the case that Fy=0’ and that Fx grows to Fx=uN.

The traction at every instant is then parallel to the x-axis,

and the same should hold for the slip. The slip is given by
3 fu-s_] a[v-sy]

——

); its y-component should vanish, that is,

ot ' ot
3(v-5.) . v . .
7T = 0, Since 5y-o when Fy—O, e should vanish at every instant.

Accordingly, v should vanish in the final state of complete slip; in
that case, v"=0, and v=v'=b11:qr according to (3.59a), where bﬂ%o
vhen o#0. So the slip is not alweys parallel to the traction. In the
case of a circular contact area, the maximum angle between (u,v) and
(X,Y) is 9.6° when o=}, and 4.1° when o=1. We conjecture from this

that the angle between (u,v) and (X,Y) is always small.
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L4, Steady Rolling with creepage and spin: asymptotic theories.

In this chapter and the next we will treat the problem of the
transmission of tangential forces during rolling.
Consider two bodies of revolution which are pressed together by

a normal force N, and which roll steadily over each other, see Fig., 6.

g-
v‘
‘Ty
N
b
—F
— \\\ ~~
%

Fig. 6. Two bodies rolling over each other.,

Owing to the normal force, a contact area is formed along which the
bodies touch., If the conformity of the bodies is not too strong, and
the changes of curvature are small, the contact area and the normal
pressure transmitted across it are given by the HERTZ theory which

we treated in detail in 3.221, According to this theory, the contact

ares is an ellipse with semi-axes a and b,

E = {x,y,2: (x/a)%~(y/b)? < 1, z=0}, (4.1)
vhile the distribution of normal stress is given by
= 3N R4 TS 2. 2
z owab /1 (x/a.) (y/b) . (].1.,2)

The formulae by means of which the semi-sxes & and b can be computed
from N and from the radii of curvature R;, R;, R;, R; are given in
3.221, When the bodies are rolling steadily, their parallel circles
are almogt parallel, so that according to 3.221 the axes of the
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contact ellipse are very nearly oriented along the rolling direction
and perpendicular to it. So, if we take the axial direction of the
ellipse as x and y axes, as we did throughout this work, the rolling
direction very nearly coincides with one of these, so that we can
assume without loss of generality that it is the positive x-axis.,

In sddition to the normal load, a tangentisl force can be
transmitted from one body to the other, owing to friction. When the
tangential load is below its maximal COULOMB velue, that is,
|[Fx,Fy]|<uN, u: coeff. of friction, slip occurs in part of the
contact area called the area of slip Eg, while in the remainder of

the contact area, the locked area or area of adhesion Eh’ there is

no relative velocity of one body with respect to the other, This is a
consequence of the fact that the elastic deformation of the bodies
modifies the veloeity pattern near the contact area. In the area of
slip Eg, work is done by friction; macroscopically, this results in

a difference of the overall circumferential velocity of the bodies.
This difference is determined by means of the quantities called

creepage and spin, which are defined in (k4.14).

In the present chapter, we first set up the boundary conditions
both for steady and unsteady rolling (sec. 4.1). In sec. 4.2, we
consider the various symmetries present in the problem, and we
introdiice a number of dimensionless parameters. In sec. 4.3 we
generalize the theory of DE PATER [1] and KALKER [1] on DE PATER's
asymptotic case of infinitesimal creepage and spin, to elliptic
contact areas, This is an gpplication of the load-displacement
equations of ch. 2, In 4.4 we present the theory of ILUTZ [1,2,3] and
WERNITZ [1,2] on LUTZ's asymptotic case of infinite creepage and

spin, in a slightly generalized form.

4,1, Boundary conditions.

For the problem of elastieity and the solution of the boundary
value problem, the bodies will be approximated by half-spaces, The
boundary conditions are set up for the finite bodies, but we will
already utilize the coordinate system of the half-spaces.

A cartesian coordinate system (03 x,y,z) is introduced in the

following manner. The plane z=0 is the boundary of the half-spaces,
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z>0 is the lower half-space. The hodies touch each other along an
elliptical contact area E, see 3.221., We take the centre of the
ellipse as origin, and the axes of the ellipse as the coordinate axes

x and y,
E = {x,y,z: (x/a)2+(y/b)2 <1, z=0}. (L.3)
%

The positive x-axis coincides approximately with the rolling
direction, which is always the case when two bodies of reveclution
roll steadily over each other, as we pointed out in sec. L.

The material of the bodies flows through this coordinate system.
We take the undeformed state so, that at infinity the deformed and
the undeformed state coincide, in other terms, the elastic displace-
ment Ei = (ut,vtswt) vanishes at infinity. In this undeformed state,
the bodies intersect. This intersection is countered by the elastic
deformation, as a consequence of which the contact area forms.
According to 3.221, only the difference w = W of the z-component
of the displacement is involved in the formation of the contact area.
As we have seen in (2.15¢) and (2.10a), this difference is unaffected
by the tangential tractions acting in the contact area, when the
elastic constants of the bodies are the same. That means that contact
area and normal pressure can be calculated as if the tangential
tractions were absent, In the case that the elastic constants are not
the same, we assume that the contact area E and the normal pressure 2
are not significantly altered by the tangential tractions (X,Y), see
sec. 2.1,

Regarding the tangential tractions, we only take the effect of
dry friction into account. This means that the contact area is
divided into a region of slip Eg where the tangential traction
| (X,Y) |=uZ, and is directed along the local slip, and a locked region
Eh vhere the slip vanishes, andl(X,Y)|5uZ. We assume that the
coefficient of friction is independent of the slip, in particular,
that the coefficient of friction which prevails in the locked region
is the same as that in the slip region. )

We observe that the slip is of central importance in the
boundary conditions, and we proceed to find an expression for it.

Consider a particle of the bodies which lies abt a certain time t in
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the point x = (x,¥,2) in the undeformed state. The position in the
deformed state is x + 1_1* = (x+ul, y+vi, z+w®), The velocity of the
particle is found by differentiation with respect to time. In the

undeformed state the velocity is

dx
RESE N ) o
and in the deformed state,
dx du du
v, = Et: + T’;- =V + ﬁ + (Yu.gra.d)g. (k,5)

Iet the superseript * refer to the lower body, and the superscript =

to the upper body. We define the slip as the velocity of the upper

body with respect to the lower body in the deformed state., It is:
Ly, 2

¥(xyy,0)= Yd -y = qu - Yu)+ 3t

+ 3({v + V' }ograd)(u” - u')+ 3({V - }/_:}.grad) ("), e

. + - .
Since ]grad(E +u )|<< 1, we mey neglect the last term of the right

hand side of (4.6) with respect to the first term. This gives

+ -y ou -+
Vix,y,0)= (V -V )~ w¢ - $({¥3+V }.erad)n, (4.7)
w=y -,

The z-component of V(x,y,0) vanishes in the half-space approximation;
the (x,y) components of V(x,y,0) depend only on the differences
u=u+—u-, v=v'=v" of the {x,y) components of the elastic displacement
at z=0. We saw in (2.11a,b), and (2.10a) that this difference is
unaffected by the normal pressure Z, when the elastic displacements
of both bodies are the same. We can then calculate the tangential
tractions and the difference of the (x,y) components of the elastic
displecement at the contact area, as if the normal pressure were
absent. We will do this throughout this work. If we use the results

so obtained also in the case of different elastic constants by using
the combined modulus of rigidity G and POISSON's ratio o of eq.
(2.10), it should be kept in mind that we make an error. This error
is not necessarily small, see sec, 2.1.

We can regard the velocity of the undeformed bodies in the half-
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space approximation as a velocity at the origin and a rotation about
the z-axis:

+
dx

—

dat

@ _axT o~ &y &y -
T T o W T =, + x

+ +
o4y &y +
- Y, G T E% |o %,

|1}

G &g,

lo

(4.8)

We define the rolling velocity \_/r, with magnitude V as the opposite

of the mean velocity at the origin,

+ - + -
_ (& ax 4 =
Lo MG+ FE e [ghrab 1 e gl (4.9)

In the steady rolling of two bodies of revolution over each other,
the rolling velocity makes a small angle § with the positive x-axis.

We confine ourselves to this case of small 6§, Then, we have:
Vo = (V8vV), (k.10)
The creepage v = [ux,uyj is defined as follows:

N -V ol

- +
1 ax dx 1
( Mor vy =7 (-3, (4a11)
-
2

P AN T T
We write for the rotations n: and

Ay = 3e-9)V, 9 = F(e+e)V. (h.12)

¢ is called the spin, and the constant ¢ has no special name. Note
that ¢ and ¢ are not dimensionless, but have the dimension of

(length)'1. The velocity (4.8) of the undeformed bodies becomes:

+ +
dx
T = - V- o mb(e-0)yV, G = -6V - IVu +1(0-0)xv;

- - (h‘u13)
ax
Fo=- V4 %VUX-%(@+¢)yv, %}CL- = -6V + ;Vuy+%(d>+¢)xv, :

and
-+ -+

-yt (Alx~x) dly =y ) y\o
V-V = ( 5 R }Ldt )= V(\)X«W9 uy+¢x], (4.1ka)
Voo V= -v(2rey, 25-ex). (4. 14p)

- SO e .
[\_/u +V ) is multiplied in (4.7) by a term of order grad u. So we
may neglect 6 with respect to 1 when we insert (4.14b) in (L.7). U=
also assume that the angle between the rolling axes of the upper and

the lower body and the z-axis is not small, that is, the rolling
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axes are not almost vertical, In that case, the horizontal component
of rotation Qx is larger or has the seame order of magnitude as QZ, or
¢V, But V = o(pnx), where p 1s the characteristic length of the
bodies, see (3.38). Therefore, ¥x and ¢y are at most of the order of
magnitude x/p, y/p. In the contact area we have that x/p and y/p are
0(%/p), with £ the major semi-axis of the contact ellipse, which is
smaJ_l with respect to unity when the bodies are counterformal. Hence
we may also neglect the terms ¢y and ¢x when we insert (4.14b) into
(h,7)

( Y: + ‘_’; ) = (-2V,0) when inserted in (4.7). (4.14¢c)

So, (4.7) becomes

v(x,¥,0) = V s(x,y,0) = V[sx,sy,o), s: relative slip (4.152)
i 13, 3w
S T VT Y ax
. = oren 1oy, v, unsteady rolling (4.15D)
b's y Vot  8x?
_ ou _ LA .
B, = V. myt 5=, s, = uy+¢x+ 55 ¢ Steady rolling. (4.15¢)

The boundary conditions can now be formulated.

Stresses and displacements vanish at infinity; (4.16a)
Z=0onz =0, outside E;
3y (4,160)
= - Z_ Z = = 3 1 .
72 =0 f00/1 (x/a)e=(y/b)*%, 00~ Soapg inside E;
X=Y=0onz =0, outside E; (4.16e)
(X, %)= uG fooﬁ-(x/a)z-(y/b)z{wx,wy) in region of slip Eg,

1 : icti = = =vysZ+g2 o
with u: coeff. of friction, v =s /s, vy sy/s, 5 sx+s,y , (4.164)
s given in (k.15).

5, =8, =0, [(X,¥)|s uZ in region of adhesion E . (4.16e)

L.2. Considersations of symmetry. New dimensionless parameters.

let us define

21ebG 2mabG
t = V' = o .
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(U;C’U}'f’q)') = ZgﬁﬁG (stuy9¢)‘ (k. 170)

Then it follows from HOOKE's law and from the fact that we neglect
the influence of the normal pressure Z on the displacement differ-
ences u and v, that the displacement differences due to (X',Y') are

21abG
3uN

(u',v') = {u,v), (4a17¢c)

where (u,v) are the displacement differences due to (X,Y). Hence,

1 3u’' au' 2rabG
| ! b Ve - —— — I e—
5x Vx ¢y V 3t + X 3uN Sx>

(k.178)
_ 13v' ov! _ 2mabG
Sy = U et o T TR Sy
Clearly,
w; = Voo w& = w&. (b.17e)
Ir
(xt,Y') = ¢ Y1-(x/a)2-(y/b)2 (w)’c,wb’r] in Es . 19)
sy =81 =0, [(x',¥) |5 6 V1-(x/a)2-(y/b)? in B,

then it is clear that (L.16a,c,d,e) are satisfied by (X,Y). So we
have only to solve (4.18) to obtain the solution for any coefficient
of friction and normal load. Also, we have only to consider a single
value of G, further we can choose the unit of length arbitrarily, so
that we have to consider only one contact area with the prescribed
ratio of the axes. In accordance with this, we introduce new
dimensionless parameters. We consider £, = Fx/uN, fy = Fy/uN,

m, = Mz/uNc, ¢ = vab, (see 3.50). ILet Fl, F;, and M) be the total

force and torsional couple connected with (X',Y'); then

~N

F!' 3
= =uy o x . _Tx
£y = F/MV = 3786 X W orazg b
Fl 3FI
= = —oul =L
£, Fy/uN ZnabG * AN~ prazg (%.19)
M M
= - SN z__ Z
o, = MZ/uNc 2mabG ~ uNe  pp.3g

We also introduce new dimensionless parameters for creepage and spin:
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Tetlhe e Dol see s
R, R Ry Ry (k.20)
v_p v_p

£=—L n:—L’ X'—T%&,C:/a_.%o

We express &, n and x in u}'{, v', and ¢' of (L4.17b). We make use of

y
(3.51):
v _p /z
= 2 = _3_N“_-p— t = 2/_ ' = 2 '
& ne ZmabG pe x U-OEE Vg » (1-0§£ Uy o (4.21)
= 90 _ 2cvg o' = 2s ', s: ninor semi-axis of E )
- 1=0)L (1-0)E %, 8t *

We observe tnat c¢' and s¢' are dimensionless.
In the following, we suppose that (X',Y') and (u',v') satisfy
the boundary conditions (4.183). Let

x(2)= X', Y(2)= -Y', (4,22a)
(2)__ [} (2)_ t (2)_ ] y
Vp = Uy VTS -ug, 6 = —p', (h.220)
From (4.22a) it follows that the corresponding displacement
differences u(2> and v(g) satisfy
2Bl Ly, ¥ (4.22¢)

so that it follows from (4,22b) and (L4.22¢) that

S(z)z -s_, 5(2)= _sy==% wi2)= -wt, W(2>= —w& 5 {k.224)

X x* 'y Ty
hence the boundary conditions are satisfied by (X(E),Y(e),u(2),v(2))

with the creepage and spin of (4.22b). The areas of slip and
adhesion are the same as in the solution (X',Y',u',v'), end we have
that

fx = fx(—E,-n.-x)= -fx(E,ﬂ,X).
£y = £ (=g,mn,x)= =2, (£,n,x), (ho22e)
. = B (-Esm1,x)= -, (Esn0).
Iet
X(B)(X’y)= =X'(x,-y), Y(3)(x’y)= Y (x,-y). (4,23a)

_ Then, according to (2.15a,b),

u(3)(x,y)= ~u' (x,-y), v xy)= v (e, (4.23p)
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Vhen

Ui3)= =Vl 053)= Vg ¢(3)= $' ' (k.23c)
it i1s easy to see that
5i3)(x,y)= 52 (x,-7), 553)(X.y)= s&(x,-y), (k.23d)
so that
w}(c3)(x,y)= - (%,=7) s w}(,3)(X,y)= w}'r(x,-.y). (L.23e)
(3) (3) ('\ (3),
We conclude that (X'~',Y'~‘,u'”’ v satisfy the boundary

conditions (4%,.18), with areas of adhesion and slip which are the
mirror images with respect to the x-~axis of the E eand Eg correspond-

ing to (X',Y'). Moreover, it.is easily verified from
F,F ) =[] (x,¥)axdy, M_ = [[ (xY-yX)axdy (4.2h)
"y B Z £
that

fx(E,n,X)= 'fx('g:n’)()s fy(E,mx)= fy(-ggﬂ,)(), mZ(Em,x)=mZ(-€m,X)-

(k.23f)
et
X(h)(x"}')"" X' (x,5), Y(h)(xs'y)= ~¥' (x,y), (k.25a)
. R (h.253)
It follows from (2.15a,b) that the corresponding surface displacement
differences
WM gy = ), v ey = ), (4.25¢)
so that
sl({h)(x’y) = g! (X,"y), S}Eh)(x,y) = -S;,,(Xp-y')s (}4‘-256-)
— ) = e ley)s WP my) = ), (k.250)

So the system (X(h),Y(h), ( ),v(h))
(4,18) for the creepage and spin as given in (4.25b), and with

satisfies the boundary conditions
locked area end slip area which are the mirror imege with respect to

the x-axis of the Eh and Eg corresponding to (X',Y',u',v'). Again it
is readily verified from (4.25a) and (4.24) that
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£ (E,n,x) = £, (E,=n,=x),

X
—fy(Es-n,—X), (h.25¢)

i}

fy(E,nsX)
mZ(E,ﬂ,X) = -mz(ag-ni-x)'
As a corrollary of (4.23) we have

13 (x,3) = Xt (x,y),

£ = 0=3X"(x,y)
Y'(x,y) = Y(B)(X.y) = Y' (x,-y),

_(3)

i

(st) = —S}‘c(x,—y) s

sé(x,—y), L (4.26)

s;(x,y)

s&(x,y) = 5(3)(x,y)

[

fx(om,x) 0,

Eh and Eg symmetric with respect

to the x=-axis.

7

We see from (L4.,26) that when £ = 0, traction and slip are mirror
antisymmetric about the x=-axis.

As a corrollary of (4.25) we have
n=x = 03X (xy) = X Gayy) = X (xpmy),

Y(h)(x,y) = -Y'(x,~y),

Y'(x,y) =
s;(x,y) = sih)(x,y) = sih)(x,—y),
s16a) = 80 (x9) = -5{" x,-), L (2)
fy(E,0,0) = mz(g,o,o) = 0,

Eh and Eg symnetric with respect

to the x-axis. )

We see from (4.27) that when n = y = 0, traction and slip are mirror

symmetric about the x-axis.

We summarize (4.22e), (4.23f), and (4.25f):

fx(gﬂh)()= "fx("gansX)= fx(E,—n,—X)= "fx('gt‘“s')()t
fy(E,n,x)= fy(—E,n,x)= 'fy(gy"ny'X)= -fy(-E,-n,-'x), ()4.28)
m, (E,n,x)= B, (=g,n,x)= -m (£,-n,~x)= -m (~£,-n,=x).

Finally, it should be observed that the method used here for

symmetries about the x-axis cannot be used for symmetries about the
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y-axis. To see this, one might propose the following relationship:

X(S)(x,y) =Xt (_x’y)’ Y(S)(x,y) = Y(S)(-x,y).

Then indeed

w ,3) = —at(exy)s v ) = v exy),
but
au(S)(x,y) - 4 du'(-x.y) BV(S)(X!X) = _ v (=x,y)
X ax 4 ax 2x ’

so that the signs of (5;5), s}(rS)) do not match those of (X(S), Y(S)).

4,3, The limiting case of infinitesimal creepage and spin.

When creepage and spin are sbsent, it follows from (4,15) that

the relative slip (sx,sy) is given by

_ 1 93u , 3u _ 1 3v , av
ST TV T’ sy——V3t+3x’ (4.29)

50 that we can satisfy the adhesion condition s, = sy =0 (L.16e)
throughout the contact area by setting u = v = 0, from which it
follows that X = Y =0 ( all in case of elastic symmetry). Therefore,
the adhesion area covers the whole contact area and there is no slip.
As a consequence it is to be expected that when creepage and
spin do not vanish but are very small, the adhesion area covers
nearly the entire contact area. Accordingly it was proposed by
DE PATER in 1957 to treat the case that creepage and spin are so
small that the adhesion area cen be approximated by the entire

contact area. So, the boundary conditions (4.16) become
Stresses and displacements vanish at infinity; (4.30a)

Z=0 on z =0, outside E,

= - 2. pA = ..—3N— 1 1 .
Z=Gf, V/1-(x/a)2-(y/b)Z, foo sopg inside Ej (4.30b)
X=Y=0 on z =0, outside E; (%.30¢)

= —1-21_1 —a-E=
Sx'0x¢yvat+3x 0,

(4.304)

s zZ v bd .J.H-{-—a.z-— 0
y Tyttt O

Condition (4,30a) is satisfied if we use the integral representations
(2.7) and (2.13) of BOUSSINESQ-CERRUTTI for the connection between
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surface tractions and displacements. Conditions (4.30b) define the

HERTZ problem which we treated in 3.221, We will consider only the
ou oV

case of steady rolling, so that =t =3¢ = 0» and (4,30d) becomes
5. F U~y + o= 3 _ ‘s = u +o¢x + A 0 inside E (4.30e)
b'e ?x * Ty ¥ 9X * *

We integrate (4.30e) with respect to x, to find u and v:
u= —xux+¢3qz+f(y), v = -ny-%q>x2+g(y) in E, (4.31)

where f(y) and g(y) are arbitrary, differentiable functions of y. In
order to apply the theory of the load-displacement equations, which
is based on the integral representation of BOUSSINESQ-CERRUITI, so
that (4,30a) is satisfied, and in which the surface outside the
ellipse E is free of traction (cond. (4.30c)), we approximate f(y)

and g(y) by polynomials:

M
- n
u = uxx+¢xy+n§0 8, ¥ s
in E (4.32)
V= - - 2ox%+ Z by

on
n=0

By increasing M, we can approximate f and g as closely as we like.

The coefficients &, end b ere (oM+2) parameters which are still

free, To (u,v) correspond the tangential tractions (X,Y) of the form

;7 M M-p
(X,Y) = {1-(x/2)2-(y/2)2}"2 | | (a )xFyl, (4.33)
=0 g=0 Pq Pq
where the (4 J are uniquely determined by v % Uy’ ¢ and the

pq’ Pq
(oM+2) paresmeters &, &d b . This means that we can assume (2M+2)

s€ J .
P pa’ . .
In order to find these relations, we first attempt to bring X

relations between the (4

and Y in a form in which there is no singularity at the edge of the

contact area:
(X,Y) = {1-(X/a)2-(y/b)2}+% M.Z-a 1'1-Z°P-2 (a
p=0 =0
and compare the number of coefficients in (L4.33) and (4.34), In
(4.33), there are (M+1)(M+2) coefficients, while (4.34) contains
(M=1)M coefficients. In order that (4.33) can be brought into the
form (4.34), there must exist (M+1)(M+2)-(M-1)M=hM+2 relations

e’ Pq]xpy s (4.34)
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between the coefficients of (4.33), which is about double the number
of parameters [aon’bon] . So it would seem to be impossible to bring
(4.,33) in the form (L4.3L).

Another argument which points in the same direction is the
following. Iet us suppose that POISSCN's ratio o = 0, Then, according

to (2.15a,b),

alep)= T [ w iy EEL = L
E

R = Mxx ) 2+ (3 )2

It is easy to see that when X is even in x, u will be even in x. For,
2/ 1= o0 2y ' dx' dy!

-a/1=(y'/0)% V(xx" )2+ (y-y')?

=1 jb dy" a/T-(y"/0)%_x(=x',y')ax'ay"
6 b -aV1=(y' /)% /(x-x")2+(y-y")2

_ 1 X(x',y")ax'dy' _
s Ié = = u(

1 b
alxy)= 1o [ ay
-b

x.v).

The comnverse, viz. that to an u which is even in x corresponds an X
vhich is alsc even in x, follows from the (assumed) uniqueness. In
the same way it can be shown that to an u which is odd in x corres-
ponds an X which is odd in x. Now, u = -u X is odd in x, and it is a
polynamial, so it gives rise to an X which is odd in x and which has
a singularity on the edge of the contact area, the strength of which
is an odd function of x. u = f(y) gives rise to an X with a
singularity (if any) which is even in x. So these singularities can
never cancel each other, The same holds for v = -uyx and for u = ¢xy.
Finally, the singularities due to u = -V X and to u = ¢xy cannot
cancel each other, since the former is even in y and the latter is
0dd in y. The conclusion is that there will be a singularity in
(X,Y) at the edge of the contact area when o = 0, and hence there is
a strong presumption that the same happens when o # O,

The two arguments above point to two things: firstly, that it
1s impossible to have no area of slip whenever there is creepage
and/or spin, and secondly, that if we assume as an approximation
that there is no area of slip, we must accept a solution with an

infinite traction at the edge of the contact area.
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The first conclusion has a simple physical explanation. It is
that there is a rate of dissipation connected with creepage and spin,
of magnitude (qux + Fyuy + MZ¢)V, where [Fx,Fy] ig the resultant
tangential force and MZ is the resulting torsional couple about the
z-axis, transmitted at the contact area., Since the elastic field is
conservative, and the absence of an area of slip means that there is
no dissipation by friction, the hypothesis that there is no area of
slip leads to a contradiction.

As to the second conclusion we observe that there is also a rate
of dissipation connected with the solution in which there is a stress
singularity at the edge, and no slip in the contact area. This
constitutes a paradox. It was pointed out by JOHNSON [3], Pse 197,
that a comparable paradox occurs in aerofoil theory.

So we have found that the surface traction goes to infinity at
the edge of the contact area, On the other hand, we still have the
(2M+2) parameters a

on
we did not use is COULQMB's friction law. The conclusion is that the

and b_ , and the only boundary condition which

parameters &n and b_ must be determined by an application of the
friction law, interpreted to fit our problem,

The friction law states in the first place that the tangential
traction |(X,Y)| may not exceed a finite multiple of the normal
pressure Z: |[(X,Y)|< w Z. This part of the friction law is violated
near the edge of the contact area, if the traction goes to infinity
there, So it is plausible to suppose that an infinite traction at a
point should be interpreted as an indication that it belongs to the
area of slip, We will show in 4,31 that the slip area does not
border on the leading edge of the contact area in our approximation,
Hence we must have that the strength of the singularity (Xe,Ye)
vanishes at the leading edge:

(x%,Y°)

(x°%,Y°)

0 on leading edge of E,

Lim (X,¥)¥V1-(x/a)%=(y/b)?
(%,7)> edge from inside

(4,35)

The question arises whether this last condition indeed suffices
to remove the undeterminateness of the boundary conditions (k4.30).

In the case of a circular contact area and vanishing POISSON's ratio
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we succeeded in determining the solution in terms of an infinite
gseries of spheroidal harmonics, the coefficients of which were stated
explicitly (see KAIKER [1], p. 171, eq. (8.10)). It was found that
the problem is indeed completely determined by the conditions (4.30)
and (4.35). Although this does not constitute a proof, there is a
strong presumption that the conditions (4.30) and (4.35) indeed
completely define the more general problem (o # 0, elliptical contact
area) we have here,

on® bon’ it is
impossible to satisfy (4.35). We then approximate (4.35) by the

demand that [aon’bon) are chosen so as to minimize the integral

In the case of a finite number of the parameters a

/2
fﬂ {(Xe)2 + (Ye)z} dy = minimal, x = acosy, y = bsiny;
-n/2 (4.36)

(x%,Y°%) given by (4.35).

Since (X°,Y%) depend linearly on the parameters [a.on,bon], condition

(4,36) furnishes us with the following (2M+2) linear equations in the

N

(2M+2) unknowns (a_ ,b_J:

on® on
/2 e /2 e )
e 3X° |, oY X e 3Y
] Fe—r=la= [ [ + Y ==—Jay=0, n=0,...,H
-n/2 BB‘on 8y 2 abon abon ’ e
e .
%°,Y%: linearly dependent on [aon’bon]’ {
0x°
E s sevyessyess independept of (aon’bon]'

(%.37)
4.31, Proof that no slip takes place at the leading edge, when

creepage and spin are infinitesimal,

As we pointed out in 4.3, an infinite traction at a point of
the edge on the contact area means that this point belongs to the
slip area Eg. COULMMB's law also states that the slip is in the same
direction as the tangential traction. To obtain an insight into the
slip at the traction singularity, we determine the limiting

behaviour of Sy and Sy as we approach the edge of the contact area

from the outside since 5, = sy = 0 inside the contact area.
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We can express the slip in the traction by means of (2.16):
s, (x",y') = u_—¢y' + |
1 3 1-0 . of{x-x')? SR
el fé [xCey){ =+ S+ vy olemx’) (y=y'). ng( ) axay,

x',y') = u_toex +
Sy( ,Y) y¢

TG 9x

R

+ 1 3, flj«; [Y(x,y){ -1—;-9- + .9'._(17%'_)_2_} + X(x,y) G(x_x;g(lc-aﬁ')]dxdy

R = Vlx-x")2+(y-y')?%, E: contact area. )
- (4.38)
Since (x',y') lies outside the contact area, we may interchange

differentiation with respect to x' and integration:

s (') = v gyt +

- —! —v1')3
+':r—Gf]£ [x(x,3) | (1.3c;§xx ) + 30(:5::) }+

+ o¥(x,y){- y;};' + 3(x—x';‘z(y-y') }]axdy,

T (%.39)

s _(x',y') = v_+¢x' +
y( ') y¢

ued R3 RS

y=y' o 3(x=x")2(y=y")
Rt RS Haxay
We assume that the tangential traction has an inverse square root

+ . ” [Y(x,y){ (1-0) (x=x") + 3g(x_x|)(y_y|)2 } .
I

+ oX(x,y){

behaviour at the edge of the comtact area,

X! (o) { 1= (/) 2= (3 /0)2 )2,
Y (x,y){1-(X/a)2-(y/b)2}-%’

where X'(x,y) and Y'(x,y) are continuously differentiable functions.

X(x,¥)
(k.k%0)

Y(x93’)

Ilow it will be shown later in this section that when the distance u'
of (x',y') to I approaches zero, see fig. T, then the relative slip

is given by
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y

Fig. T. The contact area with the u,v-axes.

N

s (X.' e )= COSIP{ M (1-0'C082\P')‘- M cOSlPSian}+O(1)

x GBYL! GBAL

s_(x',y')= cosy{ 2 Gor) (1-osin?y)- M cosysing+0(1)

¥ GRvL . BV (3.41)
u': distance of (x',y') to E, B = /2 /(x'/az)z*‘(y'/bz)Z, f

¥ : angle between pos., x-axis and inner normal on edge of B
which passes through (x',y'); .

(%,¥): intersection of this normal with the ellipse;

- 0(1) : any bounded function., /

When POISSON's ratio 0=0, S, and sy become

23 (X,¥)
s (x',y')= -~ cosy + 0(1)
= GBYALt
nvt(T o
s_(x',y")= 29" (x,y) cosy + 0(1),
y
B
fram which we see that the vector (sx,sy] is parallel to the
tangential traction (X,Y) as u'+0, when, at any rate, (X',Y')#(0,0)
or, in other terms, when the traction goes to infinity at the edge.
The vector has the same sense as (X',Y') when cosy>0, -and the
opposite sense when cosy<0, It is easy to see from fig. 7 that

cosy>0 when (x',y') approaches the trailing edge x<0, and that
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cosy<0 when (x',y') approaches the leading edge x>0, It is thus
plausible to suppose that at the lesding edge the slip would be
opposite to the tangential traction, if the traction goes to infinity
there; according to the friction law, this should not happen, and
therefore the traction singularity should be removed fram the
leading edge.

When POISSON's ratio ¢#0, the slip and the tangential traction
are not precisely parallel, but we can show that at the leading edge
they ere almost opposite, and at the trailing edge almost in the
seme sense., In order to show this, we calculate the angle 8 between
slip and traction from (4.41), After some calculation we obtain:

Xs + Ysy [¥24Y2~0 (Xcosy+Ysiny)2}sign(cosy)

0s = =
© 1T (sx’ssp [ A2 VX2+Y2-g(2-0) (Ycosy+Ysiny)?

(4.143)

where we dropped the prime of X' and Y'. We denote by D the ratio

D = (Yeosy + Ysiny)?/(X2+Y2), (L k4a)
Since (Xcosy + Ysiny) is the component of (X,Y) in the direction

(cosy, siny),

0<Ds 1. (4. 44p)
In this notation, cos® becomes
cosf = (1-oD)sign{cosy) . (4.145)
/1-a(2=3)D
It can be shown without difficulty that the absolute value [cos6|
reaches a maximum of 1 when D=0 or D=1, and a minimur of EE’ when
D= — o When 0=0, the minimum equals unity as we knew already. When

2~0
o=}, the minimum is 0.987, corresponding to an angle of 90; when
1

o=3, the minimum is 0,941, corresponding to an angle of 20°, As a
consequence of this snd of the presence of sign(cosy) in the
expression for cosf, we have that on the leading edge the angle 6 is

nearly 180°, and on the trailing edge it is nearly zero. lumerically

we have:
at the leading edge: 180°- 8, S 8% 180°+6m,
at the trailing edge: -0, 56280, (4.46)
em=0forc=0; em=9°foro=3; 8 = 20" for g = 2.

The conclusion is again that the traction singularity should be
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removed from the leading edge of the contact area.

In the remainder of this section we will establish (L.41), We
see from (4.39) and (4.41) that this task consists in calculating the
part that behaves as 1//u' (see fig. 7 and (L4.41)) as the distance u'

fram (x',y') to & goes down to zero, of integrals of the following.

o [f L0oy) Gex Vg )",

I vy R: see (2.9)
£ B2/ (x/e) 2= (y/b)2

QAllY s D

E: see (1.5a),

where f(x,y) is a continuously differentiable function, and (x',y')
is a point outside the elliptic area E. We shall show that
|T(x'yy*)|> = as (x',y') approaches the elliptic area E, and we shall
calculate the singulsr part of I.

In our coordinate system, we take the minor semi-axis of E as
the unit of length., From (x',y') we drop & normal on the ellipse,
see fig. T3 the point of intersection is (X,¥). It is clear that the
contribution to the integral of the domain of integration outside a
neighbourhood of (x',y') with radius § is bounded. We dencte by D
this neighbourhood in so far it intersects with the elliptic area E.
D is shown shaded in fig. T. We also denote & bounded function by
0(1). So we obtain

I(xtoy') = £ () (x=x) " (=g )® +0(1). (4.48)
X ff Rln'+n+2F(X/a)2 (y/b) dxdy

We introduce the cartesian coordinate system (u,v) into this

integral, which has (X,y) as origin, and the positive u~axis of
which coincides with the inner normal to the ellipse at (X,¥y), see
fig. Te Iet ¥ be the angle between the positive x-axis and the
positive u-axis. Then:

X=X = ucosy=~vsiny, y—§ = usinyt+vecosy;

the point (x',y') has in the (u,v) coordinate system

the coordinates (=u',0);

u' is the distance from (x',y') to E, u'>0; s (1}.h9)

x-x' = {utu')cosy~vsiny, y=y' = (u+u')siny+vcosy;

R = (utu')?+v?; axdy = dudvy

Cf(x,y) = £(%,¥) + 0(Muf+v2) = £(X,¥) + 0(V[uru']?+v2),
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Also, since (X,y) lies on the ellipse,

(/) e (g o) 2 22 Foy? () (05 (o)}, (Goy) (2= ()}

8.2 b2 a2 R b2
_{2xcosw+_2ys1n¢}u_(_ EXS1nQ¢>2y°°sﬂqv+h'(u,v),
a2 b2 a? b2
(4.50)
where h'(u,v) is a homogeneous guadratic form in (u,v). So,
n'(u,v) = 0(u?+v2) = O((utu')2+v2) = 0(R?) in D, (L.51)

where we made use of the fact that u'>0, and that u>0 in D, Also we
have that the coefficient of v vanishes in (L.50), since the ellipse

is tangent to the v-axis. That means according to (4.50), that

g';}ﬁ=acos¢: ‘2%=asinw.a=*2 f—+a7'—i=132 (1+0(R)),
a at (4.52)
2 V(505 (%)
so that (4.50) becomes
1-(x/a)2-(y/b)2 = B2{uth(u,v)}(1+0(R)), ] (4.53)

with h'{u,v)

B2(1+0(R) )h(u,v) = 0(R?),

n (4,53) we choséfthe nezative sign for o, since a point (x,y) with
v=0, 0<u<<1 lies inside the ellipse, so that 1-(x/a)2-(y/b)2>0.
The integral (4,43) becomes with (4.49) and (4,53):

T(x"Y') =
- ff {f(x,y)+0(R)}{(u+u )cosy=vsing I { (utu' )siny+veosy ) audv+0 (1),
B(1+0(R)) Yuth(u,v) REPH2
(bo5h)
Again we introduce a new coordinste system into this integral:
w = uth(u,v), v = v; (4.55)
we denote

N

r2=(w+u')2+v2; then, h{u,v)=0(r2), RZ=r2(14+0(r));
dudv = {1+0(r) }dwav;

(wha' ) cosy=vsing={ (whu' Jcosy-vsiny }(1+0(r) ), g (4.56)
(utu')siny+veosy={ (w+u' )siny+veosy} (1+0(r) ),
all in D,
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The integral becomes

I(x',y")= ] {£(%,5)+0(x) H (wru' ) cosy-vsiny )" y
D

BT rm+n+2
x {(w+u")siny+veosy}H{1+0(r) yavawro(1), N

= I'(x',y')+0(1),

I (x',y')= [/ £(%,7) { (w+u') cosy=vsiny}"{ (w+u' )sinytveosy I v,
D

+n+
Bv"\?rmnz

/
(%.57)

since ” rm+n+1/rm+n+2 dvaw = 0(1),
D

We observe that the domain of integration D lies in the half-
plane w > 0, For u' > 0, the domain outside D, in so far as it lies
in the half-plane w > 0, gives a finite éontribution to the
integral. So we can extend the integration to the whole half-plane

w > 0O:

I(x'yy') =

- f@ £(Xay) aw fm {(w+u') cosy=vsiny ¥ { (wtu' )siny+veosy 1> avto(1)

o BT o rm+n+2
(4.58)

We evaluate {{w+u' )cosw—vsinw}m{(w-i-u' )simp-l-vcosq;}n by means of the
binomial theorem, A typical integral is then

- - ® ™ k &
. - f(x,y) aw (wtu')™ v~ av
I(x 5" sk, %) B é’ —'/; A {(wq-u')2+v2}k/2+2’72+1 « (4.59)

By symmetry, this integral vanishes when % is odd. When % is even,

we use the substitution

1
v = (wtu')tand, dv = TR 4q, (4.60)
cos28
This gives ,
£(X,5) [ aw "2 . x ]
I(x',y' )k, 0)= =Xl [ S [ gin“Beos 8 do =
B o )& _n/2

k+1 +1
= Lr;(_xi-)- #A—L vhen 2 is even,

i r(EEE

=0 when & = odd.
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So as a final result from (4.58), (4.59) and (4.61) we obtain:

m n
x' )= [f Px,7) (x=x')"(y=-y') dxdy = )
xtrt= ] R 2 A (%/a)2-(y/b)2

r @+n=i-j+1y r (it j+1s
A )

- r2(x,y) <)ie (o 197 ( c 2 2~
2B/ {1§o Jgo C 166 ) }

n+i- N

x cos®" J-l\psin p} + 0o(1),

- 5V (x'/a2) 24 (3 f02)2,

(4.62)

Xy ¥» u' and y, see fig. T.
The expression (4.41) follows from (4,39) and from (%.62) after
a straightforward, but scmewhat laborious calculation, which we omit

here.

4,32, Solution of the problem.

When we use the theory of the load-displacement equations, the
boundary conditions (4.30a,c) are automatically satisfied, and the
only boundary conditions left are (4.32) and (4.36).

We define
l\f M-p
Xt,Y') = xFyd .63
where the coefficients dpq, qu depend uniquely on Dx,Uy,t‘b, on’bon

through the load-displacement equations (2,56), where we have,
according to (4.32) in terms of the constants (a'mn’bmn) of (2.32):

B, = -V , 8,,=2¢ , a =0 otherwise, unless m = 0;
10 b'd 11 \ m (4.64)
b10 = -Uy, boy = —29s bmn = 0 otherwise, unless m = 0,
X and Y are given by
-1
(X,Y) = 6/1-(x/a)2-(y/0)2  (X',¥'), (4.65)
so that according to the definition (4.35)
(x°,¥%) = G lim (x',¥'). (4.66)
x,yredge
According to the remarks made after (2.56), [aan+s,2n+w’
bam+e',2n+w') on the one hand, and [d2p+e,2q_+w' e2p+e',2q+w‘) on
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the other hand belong to a closed system of equations for each of the

four possible choices.of (e,w). If we set M=2K+1, for instance, and

N

2K)

il

x? [1,2(2,}' sx ’x Z,Y'-b’ csesy ¥

ZKJ

x[ QXZ:y ’xh’XZY qus esey ¥

1]

2K
y(1,x2w2,x",x2y2,y“, veey ¥ )

4

xr ‘:1 312 .¥? exkexzyz PRAN 2K-2) ,

U}

evsa y

(3905820202509 8p0sd0)s #2+s g o)

.,
c_;.qp-m.::p-c_.ﬁ-l.c_,?é, u?ﬁ) u':’i L:?é C_J-Hw C.J:io c_.?'.-» [ ]

= [d1o,d3o,d12,d50,d32, coes d1’2K) r (4.67)
= (3010810803208 10830 oees dg opeq)s
[d11,d31,d13,d51, cees d1,2K_1],
as Xl, with e_  instead of 4_ ,
3 pq Pq
as X].', with a _ instead of d4_ ,
i mn 1
as X, with b__ instead of d_ ,
d mn Pa
then, if we sum over repeated indices,
Xlx, Y'-'Yx,u—ul l,v=v%xl.. (4.68)
d J d J d

We can write the load-displacement equations (2.56) as

uz.' = (AZ:Q) X;" , MO0 sum over i; 1 = 0,1,2,3. (4.69)
v_?:—i Y3--:1

J L
The matrices Ag' o &re square and have a non-vanishing determinant, so

that we can invert them:

. R | :

6= @y [ ] (4.70)
3-1i 3-i

Yj A

According to (4.64), a great number of the ug.' and vz.' are zero, so

that we can drop a nuwber of columns of [AE’L]J, end we can write
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%5 = BS o %0,0n° (i=0 i.e. e=w=0),

1 - ,\lz » )
x3 = CJ.,211+1 0, 2n+1+D v, o (i=1, i.e. e=1, w=0),

2 = g2 R 1= 1 = =
Xﬁ Bj, ont1 %, 2n+1+E' Uy,(l 2, i.e. =0, w=1),

’\/

3 = 3 i= i ==
Xﬁ CJ,2n b, 2n F b, (i=3, i.e. e=w=1),

3 = 0 e » — ()4071)
Ys BJ,2n 0,2’ (i=0 i.,e. e=w=0), f
Y2 = +31 (i=1, i e=1, w=0)

3 j,2n+1 Do, on#1tDy Vyr 3=ty 1eee €51, w=0),

N,
¥} = B? a +El v_,(i=2, i.e. €=0, w=1),

J Js2n+1 O,2n+1 3y

= ¢l 1= ! ==
3 Cj,2n b0,2n + Fj by (i=3, i.e. e=w=1). )

o]
o
|

a 3 3 ’\4
The quantities with the superscript ~ vanish when 0=0, except Fg.

This gives for (X',Y'):

x'= x? BY x}{¢? b !y} + ‘
J T3.2n 0 2n J J,2n+1 0.2n+1 7 'x
"]
2 1 3
+ x3{B2 et %0, oner?E] vyl * X {CJ 2n Po, on*F5 ¢h
3 30 ! r (4.72)
1=
T= x5 Bj,?n 80,20 %51%% onet Po,one1?D; Vil ¥
1 0 »3
+ xl { % onet B0, 2n+1+E v } + x3 {CJ 2n Po,20 FJ¢} . j
We can split X' and Y¥' in a part X, ,Y, , even in y and a part X ,Y ,
odd in N
0: X &2 +D} v, }
w= + xg B ,2n %o, ent J{ Js2n+1 0 2n+1 Vel o
v = x3 o + ! (4.73a)
Y= X3 BY on 80,2050 onet Po, 20k 5} ot s
"
1
x3 {83 23 s2m 80, 20+1*E} Uy * % {CJ,Qn 0,2n*F} ¢} (b.735)

1 0 ~y
{ 22041 %0,on+17E} Uyl * X 519,20 ®0, 20 *Fi ¢}

X'= X +X,, Y'= Y +Y . X (=y)= X (), X_(~¥)= -X_(y).  (4.73c)

We enter (4.73c¢) into the compensation condition (4.36):

T/2 2 2
[0 e x) + (v, + 1) Y e 0¥ =
-1/2

/2

- e s T e

dy = minimal.
—1/2 + -’ ledge -/2 - + 'edge

(L.7h)
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Ve see from (L.73a) that {X2+Y2} depends only on Vs 8y oo and
2+y2 ’
bo,pnsq 8R4 that {¥3+Y2} depends only on Vs s 8g opyqs aAd bo,en'
S0 the system of compensation equations falls apart into two systems,
one involving the gquantities with w= 0, and one involving those with

w = 1, Now, the total force is given by

-1 -1
F =G [] 1-(x/2)2=(y/0)2  X'dxdy=G [[ /1=(x/a)2-(y/b)2 X, dxdy,
E o
U"‘-755-)

so that, after removal of the singularity from the leading edge, Fx

depends only on Ux. Further we have that

F
y

~1
G ff N1-(x/a)2-(y/0)% ¥, axdy, (L.750)
E

I}

-1
M, =6 [ N-(x/a)2-(v/D)?  (xx,-yX ) axdy, (ke T5¢)
E

so that Fy and Mz depend only on Uy and ¢, This is completely in
accordance with the findings of 4.2, since Fo» Fy and I, are here

linear in v_, Uy’ ¢, owing to the linear character of the compensation

x
condition, see (4.37).
Let us call
€ = [0 0 = [x2 €= ° ] }
x x|, x x| s u 20,21 , U 20, on+ 1 (h.76)
1 3
x5 *3 ©9,2n+1 0, 2n
v v
x N
¢ i
and let us indicate a transpose by a ' over the letters. Then we have
-~ — - f
= 0 .1 0 = x°B®uS:
X, (xj xj) B on © 0 |20, 20 xBu; (4.7Ta)
73 Dillvp
N €%, 2n+1 ]| 0,2n+1
"
- e lm 7 !
= (y2 43 2 1 = x°p%°%.
Y (xj xd) |o % one1 D[] %,2n xBu" 3 (4.77b)
B0, 0 o || v
Js2n 0,2n+1
v
— x —
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= [+2 3 2 ¥l [\ T = toqe o,
X = (x% x3) B ope1 O Ef O |lag ppeq| = X C 03 (b.77¢)
0 3
0 Bj’an 0 F[vg oy
v
Y
K
N - ?
= (x0 x! U 3 - le.e o
Y, = ( x}) |o of 5 0 F (a0,2n+1 x°C%u (k.778)
o,
2 1
Bj,en+1 O E; ©11%0,2n
y
y
KO
So,
2 2 _ lele efe.e e . 'elo olao o e
X+ I =uBxxBu +uBxxBu = ,
‘ecle ele e  lo olo.oy e (k.78e)
=u CB X'xB" +B'xxB )u s
1 |l 1 t
X2+ ¥2= 1°(c%x°x%c° + Cx®x%c®)u’. (4.78b)

We integrate (4.78a) and (4.78b) over the leading edge of the contact

area x=acosy, y=bsiny, -m/2 < ¢ < 1/2. Only the matrices xeie and

x°x° are position dependent. There are two types of integral:

w2 . . n/2 /2
x; xz ay = f x2py2q dy = f azpbzqcos2pwsinEQde
-n/2 -n/2 -1/2
2p, 2 2)I(q+3
= g Fp-9q r( lz;lq('.‘*'z) ,
P y (4,79a)
ks w/e
f 2w x2w+1 ay = f x2p+1 y2q day =
2
-5/2 -n/2
n/2 ‘ .
_ 2p+1.2q  2p+1 . 2q _ 2p¥1.2q TI{q+i)p! )
= -£/2 a b “cos ysin *ydy = a b ﬂ%ﬁﬂ . (4.790)
Call
n/2 ete e /2 ) o
J xxdg="F, J xxdp=F, (4.80)
-7/2 -n/2
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then

/2 , ,
[ {x2 + v2}ay = 4°(8°F®8° + B°F°B°)u° = minimal,
-%/2
(4.81)
“/2 1 1 L
f {XE + Yi}dw - uo(CeFeCe + C°F°C°)u° - minimal,

-n/2

and a typical compensation equation is found by differentiating

(4.81) with respect to a s b s

1 ]
2(0,0,1,0 ... 0)(B°F°B® + B°F°8°)u® = o, (4,82)
or, in other terms
] 1)
the first (2K+1) rows of (BF®B® + B°F°B°)u® must venish, (4.83a)

1 ]
the first (2K+1) rows of (C°Fc® + C°P°c%)u® must venish., (4.83b)

These equations are solved numerically, where we set u,=1 in (4.83a),
and by multiplying the resulting [a0,2n’ b0,2n+1] by v e set
Uy=1’ ¢=0 in (4.83b) and multiply the resulting [a0’2n+1, b0,2n) by
u_, and finally we set Uy=0’ ¢=1 in (4.03b) and multiply the
resulting [ao’2n+1, b0,2nJ by $.

In order to find the total force Fx’ F& and the torsional

couple Mz’ we first observe that

-1
2

F a6 f] AR/ wanayeG [[ ARG X
E B

-1
F =G [] V1-(x/a)2-(y/0)2  19x° axay, (
y o3 3%

. -1
M =G /] /1-(x/a)2~(y/b)? (xyixl - y¥2x2) axdy. ‘
& 3% TN o)

By means of (L.T1), we can determine X;’ Yg, X§, Yg from the

[aon’bon) which we find from the solution of the compensation

equations (4.83a,b). A typical integral of (4.84) is

1
fé 252 1o (x/a)2=(y/b)2  axdy =
2 1 _2p+2g+i
= a2Pt1 2t J coszpwsineqwdw / I ar={ (4.85)
0 0 1-r?
= 2Pt 2a#1 I(pr3)r(gra)r()
I (ptq+3/2) ]
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We obtain

=Ce2 =002 =Cp3
F =Ge?C v, Fy Ge (c22uy + Ce3°¢J' M =Ge (C v + C,oqcd) (4.86)

11 327y 33

where the creepage and spin coefficients Ci' are calculated with
¢ = Yab as unit of length. With (4.19), (4.20) and (3.50) we obtain

for the dimensionless parameters of sec. U4.2:

il
Z

R G )
fofym )=l o e = hnvg (G185 Copn * Cogxs Copn + Cy3i).
(4.37)

4,33, Numerical results.

The creepage coefficients Cij were calculated for a few values
of a/b with 2i+v=3,5,7, It was found that the solution with 2K+v=5
had a relative error of less than 1% from the solution with 2K+v=T.
Therefore, we calculated the ecreepage coefficients Cij for more
values of a/b with 2K+v=5, The results are shown in fig, Ja and 0Ob,
and in Table 3,

For the case of a circular contact area (a/b = 1), the values
found coincide with those given in KAIKER [1]. In that paper, the
values of Cij were compared with JOHNSON's experimental results on
the rolling of steel balls [1,3]. JOHNSON found that Cyy lies
between 3.3 and 4,43 we find for ¢ = 0.28 the value 4,22, Also,
op = 3.47 end Cpg = 1.53; we find 3.71 and
1.49 respectively. Since according to JOHNSON the moment Mz due to

according to Johnson, C

elastic hysteresis is of a higher order of magnitude than the moment
due to creepage and spin, when the latter are very small, we cannot

30 and 033 with the experiment; indeed, we conclude that
the values of‘023 and C33 are of little practical significance.

According to the theorstical results of JOHNSON and VERMEULEN

(51,

conpeare C

Cpple) = Cpp(0) ¥, (0)/v, (o), }
v, (e)

o
—
(4
A\
(@]
~—
-

B - 0g’C  when a g

B

(4,88a)

%3 (4=c)m when a =b (e = 0), [

gD - ogC  when a > b (e < 0)3
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Table 3. The creepage and spin coefficients Cij'

i1 Cop Co3 = ~C3p €33
g =0 [1/4 | 1/2 | o= /4 | 1/2 | o=0 1/4 1/2 o=0 |[1/4 1/2
0.0 2 /4 (1=0) w2 /h wg/3 - - 12/16(1-0)g
0.1 2.51| 3.31| 4.85| 2.51| 2.52| 2.53] 0.334| 0.L473| 0.731|6.42 |8.28 |11.7
0.2| 2.59( 3.37| 4.81| 2.59| 2.63| 2.66| 0.483| 0.603| 0.309(3.46 (k.27 | 5.66
a 0.3( 2.68] 3.44| 4.,80]| 2.68| 2.75( 2.81| 0.607| 0.715| 0.889]2.49 |2.96 | 3.72
T 0.4| 2.78| 3.53] 4.82| 2.78| 2.88| 2.98| 0.720| 0.823| 0.977|2.02 [2.32 | 2.77
0.5( 2.88| 3.62| 4.83| 2.88( 3.01| 3.14| 0.827] 0.929| 1.07 |1.74 |1.93 | 2.22
0.6 2.98| 3.72| 4.91| 2.98| 3.14| 3.31| 0.930| 1.03 | 1.18 |1.56 [1.68 | 1.86
0.7| 3.09| 3.81| 4.97| 3.09| 3.28| 3.48( 1,03 | 1.14 | 1,29 |1.43 [1.50 | 1.60
0.8 3.19| 3.91( 5.05| 3.19! 3.,41| 3.65| 1.13 | 1.25 | 1,40 |1.34 {1.37 | 1.42
| 0.9 3.29] b.01| 5.12| 3.29| 3.54| 3.82| 1.23 | 1.36 | 1.51 [ 1.27 [1.27 | 1.27
1.0| 3.450( 4,12| 5.20| 3.40| 3.67| 3.98] 1.33 | 1.b7 | 1.63 |1.21 11,19 | 1.16
0.9| 3.51| 4.22| 5.30( 3.51( 3.81] .16 1.b4 | 1,59 | 1.77 [1.16 [1.11 | 1,06
0.8 3.65| 4,36 5.42| 3.65| 3.99| 4.39| 1.58 | 1.75 | 1.94% (1,10 |1.04 | 0.954
b || 07 3.82| 4.54| 5.58| 3.82| L.21| L.67) 1.76 | 1.95 | 2.18 [ 1,05 |0.965| 0.852
—¢] 0.6 4.06| 4.78| 5.80( 4,06| k.50| 5,04 2.01 | 2.23 | 2.50 | 1.01 [0.892| 0.751
&1 0.5| 4.37] 5.10| 6.11] 4.37| 4.90| 5.56| 2.35 | 2.62 | 2.96 | 0.958(0.819| 0.650
0.4 4.84| 5.57| 6.57| 4.84| 5.48| 6.31| 2.88 | 3.2k | 3.70 [0.912|0.7k7| 0.549
0.3| 5.57| 6.34| T7.34%| 5.57| 6.40| 7.51] 3.79 [ 4.32 | 5.01 | 0.868|0.674| 0.L446
0.2 6.96| 7.78| 8.82| 6.96| 8.14| 9.79| 5.72 | 6.63 | 7.89 [0.828[0.601| 0.3k41
[| 0.1[10.7 [11.7 [12.9 [10.7 [12.8 [16.0 [12.2 |1k, 18.0 | 0.795(0.526| 0.228
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Cyi(e) = ¢, (0) o(0)/0(e),
¢(e) =B - o(D-C) when a <b (e > 0),
= %g (4=30)w when a = b (e = 0), [ (4. 88b)
= g(1-0)D + ogC when a 2 b (e < 0),

The experiments of JOHNSON and VERMEULEN on the dependence of F_ on
Uy for different values of the axial ratio a/b, (see [5], fig. 3)
show that the relationship

nGabuy

[F ] g0 = Lt )y o= 028 (4.69)

is very nearly satisfied. We compared the functions

Chole)

0%1(e)

022(0) ¢1(o)/w1(e).

¢41(0) (0)/0(e)

(4.90)

with the values of 022(e) and C”(e) as we calculated them, for
0=0,25, In the range 0.2 < a/b < 1, 0.2 < b/a < 1 we found a
discrepancy of at most T% both in C,, and in C,q» the largest
discrepancy occurring at the end of the ranges a/b = 0.2 or
b/a = 0.2, In fact,

a/b = 0.2: 022(0) ¢1(o)/w1(e) =1.07 sz(e).

c11(o) ¢ (0)/e(e) 1,05 C11(e),

(4,91)

b/a = 0,2: 022(0) w1(0)/w1(e) 0.94 sz(e),

1

011(0) ¢(0)/e(e) 0.93 c11(e).

S0 here also the experimental results of JOHNSON are fairly close to
our theoretical results on Cpope

We observe thet in the calculations of Cij’ the smallest value
of a/b and b/e with which we computed was a/b = 0.1, b/a = 0.1, The
values of Ci' for a/b = 0,1 came close to those of the strip theory
of KAIKER (2], with the exception of Csp = =Cp3s
ventured to put in the wvalues of Cij obtained by the strip theory at
a/b = 0, and led the graphs through to a/b = 0.

Finally we note that the feature that C,, = -023 which was

32
noted in KAIKER [1], also persists in the case of elliptical contact

for ¢ # 0. So we

ok,



areas, No explanstion has been given for this curious feature.

L,4, The limiting case of large creepege and spin, Numerical resvlts.

When the creepage and the spin become very large, we may neglect

the elastic deformation in the expression (4.15) for the relative

slip:
_ Ju 1 ou .
Sy = VW Y X T T g T VW (b.92)
=y +ox + Y 12 + 7
sy = \.\."r ¢x 3% V3t ”’Uy $Xo

We can then regard the slip, with IUTZ [1,2,3] and WERNITZ [1,2] as
a pure rigid body rotation with angular velocity ¢V about a point in
the plane z = O which is called the spin pole by LUTZ and WERNITZ:

spin pole =(x',y'), x'= -uy/¢= -cn/Xs y'= ux/¢= ct/Xs (4,93)

see fig., 9. No adhesion ares is assumed to form, not even when the

y
Fig. 9. Contact area with spin pole and traction vector.
spin pole lies inside the contact area. Note that the rolling

direction is no longer a preferred direction. The surface traction
transmitted by the upper body to the lower body has the magnitude

|(5,1)| = w2 = 22 A=(x/a)2=(3/0)2, (4.9%)

and the direction is perpendicular to the line between (x',y') and
(x,y), with a positive moment with respect to (x',y') when ¢ is
positive, and with a negative moment when ¢ is negative. It is easy

to see from fig., 9 that

95.



= = 3sign() /- 7 5 (y'-y)axdy
ag = 4(F,/uN)= =52=25 V1-(x/a)?-(y/b) Teenrey "

= o _ 3sign(x) /s 7 7 (x!—x)dxdy
Ay alry ) Brap (1 (/)2 G7) Vlax" V24 (gy )2

anl= a(M! /ulic)= 3—3;%"1 A=(/a )= 7007 /lxx (=32 axdy |
' (4.95)

Here M; is the moment about the spin pole. For the moment about the

origin, we have the relation

Mo=M +x'F_ - y'F_, ~ (k.96)
Z pA ¥ x
We find the total force and moment by integrating (4,95),
_ 3sign(X) — 7 7 __ (y'-yldxday
£ = =3 fé /1-(x/2)?-(y/b) Yoo W
_ _ 3sign(x) /e 7 5 (x'-x)dxdy
;Y 2mab fé 1-(x/a)*~(y/b) /(x—x')2+(y—y')2 g f
n = 3signl0) | [ FGT =) S ety V2 axay - § 5 - 2,

(.97}
In the special case that the contact area is circular, these
integrals were evaluated by LUTZ in [2], and in the special case
that the contact area is an ellipse, and that the spin pole lies on
one of the axes of the ellipse, they were evaluated by WERNITZ [1],
p. 63-72, Since any line through the origin is an axis of the circle,
LUTZ's results are a special case of WERNITZ's results. If, say,
x' = 0, LUTZ and WERNITZ integrate with respect to x, and obtain as
a result a form involving complete elliptic integrals of the first
and second kind, which then has to be integrated with respect to y.
This latter integration is done numerically. This process breaks
down, however, when the spin pole does not lie on one of the axes,
i.e. when x' # 0, y' # 0. The first integration with respect to x
is still possible, but the resulting form contains also elliptic
integrals of the third kind., We accordingly abandoned the attempt
of analytically performing the Tirst integration, and we treated
the integrals as follows. Ve had:
96,
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o= 3sign(x) Vi=(x/a)2=(37/5)? (y'—y)dxdy
X 2nab Ié x/a v V(x" )24+ (y-y )2
__3siga(x) p LexVZGy2y Lo
= - - rdy, (4.98)
a1 g -(x/a) 7= (/)2 b2

by partial integration with respect to y. Then, we set
X = arcosy, y = brsiny. (4.99)

This gives

. 1 2n
_ =3sign(x) r2ar — - v _
f = j [ Y(arcosy-x")Z+(brsiny-y' )? sinydy =
x 2 5 A2 0
3sign(x) n/2 2w
=-—-—2%x—f sin26de [ V/(asinbcosy-x')Z2+(bsinbsiny~-y')2sinydy.
0 0

(4.100a)

In the same vay we find

3sign(x) (/2 am
fy= -—2%—1 sin26d8 [ v(asinécosy-x')2+(bsindsiny=y')Zcosydy,
0 0
(4,1000)
3sign(x) (/2 an
m = —-%—j sinBcos20d6 f v/(asinecosw—x')2+(bsin6sinw-y‘)Zdw +
0 0
_Es _D
S T =3 e (4.100¢)

By means of the substitution o = 7~y in (L4.100) it is easy to see
from (4.93) that
£E/X, (=n)/X) = £ (&/x, n/x),
£,(e/x, (=n)/x) = -£_(&/x, n/x), (4.101a)
m (&/x, (-n)/x) = m (&/x, n/x).

By means of the substitution a = -y in (4.100), it is easy to see
from (4.93) that
£_((-€)/x, n/x) = -f (E/X5 n/x),
{y((—ﬁ)/x. n/x) fy(g/x, n/x), (4.101)
B, ((~E)/Xy n/x) = m_(&/x, n/x).

n

By means of the substitution o = n/2-¢y in (4,100), it is easy to see
that

£ _(a,b, £/X, n/X)
mz(a’b, E/X’ T\/X)

—fy(b,a’ n/X’ E/x)g

mz(b.a, n/X, E/X). (%.101¢)
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Fig. 11. The total force for large creepege and spin. g=1.

So we can confine ourselves for the purposz of calculations to the
cases with

e >0 (a<b), =x' =en/X 20, y' = ct/x 2 0. (4,102)
Under the conditions (4.102) we can eliminate & and b from (L.100),
This gives

. n/2
;-3 = () 1" sin2eae x
0

X

N\

an i i 2
x [ ‘/('/é sinécosy + n/X) 2+ SRR - /%) sinvay,

0 e
_ 3 sign(x) n/2 . 2
v ——E;%-— é s1in<0do x
2r - -
x [ /[/é sinbeosy+ n/X]2+[ _Si!_lyefzﬂ - E.‘/X)2 cospdy, »(L4.103)
0 .
w/2

m, = 3 s;“ (x) |  sinécos?eds x
0

2m _ .
[ simocony ) (EEERE 17 ay »

0

- (n/X)fy - <tz/><)fx

X # 03 if X = 0 then £_= E/v, fy = n/u, v = Y£24n2, J

Hy
|
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The repeasted integrals of (4.103) are easy to integrate numerically.
The total force has been calculated for g = 0.5 and g = 0.2, see fig.
10, and for g = 1, see fig., 11, In the figures, we use the symbols v

and a

E,X = vcosa, n/X = usina. (L.10k)

As to fig. 11, we observe that the force is always in the direction
of the creepaée. So fig. 11 could have a simpler form than fig. 10.
We finally observe that the three integrals of (4.97) can be

written as a sum of integrals of the form
= P(x',y") [] B (x,y)3(x,y) &, (4.,105)
E

vhere P2 and Ph are polynomials end J(x,y) and R have their usual
meaning, Hence GALIN's theorem of sec. 2.2 can be applied, and the I
can be evaluated by means of DOVNOROVICH's method. This gives after

some calculation:

- 3ysign(x) [1;00 1 2 51300 .1 > 1;00]
Ty 2b Floa ¥ ¥ Floy v 3% Flin)s
_ _ 3xsign(x) [1;00 1 5 1300 , 1 » 1oc2>]
Iy = Pl * g X Pl 359 Flyml
- 3sign(x) [1,00 1.2 1oo + 1 2 51500
By abc Floo*3x Flp*zy Flig* 7
" 1,oo 1 2.2 21300 , 1 1,00]
+"h'x F FEXYIF Tt F gy
+Xr Ly
¢’y c¢'x
(x,y): spin pole, x = =en/X, y = c&/X.
1;00, )
F 150 see (3.22),

(4.106)
It should be kept in mind that (L4.106) is valid only when the spin
pole lies inside the contact area, so that (L4,106) has only limited
applicability,

100.



5. Steady rolling with arbitrary creepage and spin: & numerical

theory.,

In the present chapter we apply the theory of the load-
displacement equations to the problem of rolling with arbitrery
creepage and spin, In section 5.1 and its subsections we present the
numerical process. In section 5.2 and its subsections we discuss a
compu'Eer programme based on the method of section 5.1. Finally we
present the numerical results in section 5.3 and its subsections, In
5.31 they are compared with the experiments of JOHNSON and HAINES and
OLIERTON. In the *two remaining subsections of 5.3, we discuss the

solutions obtained.

95.1. The numerical method.

In 5.11, we reformulate the boundary conditions so, that the
solution becomes equivalent to minimizing a certain integral. The
numerical analysis of the minimalization is presented in 5.12, and
some details concerning the minimalization and the formulation of

the problem are discussed in 5.13 and 5.1k,

5,11, Formulation as a variational problem.

Bince the tangential traction is at most equal to a finite
multiple of the normal Hertzian traction, the latter vanishing at
the edge of the contact area, we will use the theory of section 3.1.

We can rewrite the results of that section as follows:

Let Z = G Ty ¥1-(x/a)%=(y/b)? inside E,
=0 on 2=0, outside E;

- — 7 5 § MMy ..
It (X,Y) Gufooﬁ (x/a)*=(y/b) L [xkrk,ykrk] inside E,
= (0,0) on z=0, outside I,

s M M
with (xk) = (19xsy,x2tstyzo--"y » 0,0,0504., 0),

s
1

M
= (0,0,0,4.., 0’1:x’y’x2’73’9y29-": v,

d

(1) = (85028105d0158502+++» dgp8002° 10720178201+ *>80y) »

(14+1) (M+2),

g
u

(5.1)
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P q
then [u(x,¥), vixy)]= £4, k£1 j£1 (25050025 Vi) »

with ujk’vjk: coefficients of the load-displacement
" ‘equations (3.5),
M+1 M+2
[Z,J) = (1ox’Y!x2’-’Q’sy29-"9 Xy s ¥ )’

q = 2 (M+3) (M+h),

The derivetives of u and v with respect to x, which we need to

calculate the slip, are readily found. They are:

q
-a_u.ﬂ= ' $ay . 'y -
s = oo k£1 521[zju3k1k’zakaTk)’

9%, M1
with [Z:])=[-3_Xi) = (0,1,0,2x,5,0,3%x%,400, ¥, 0).

The relative slip due to the traction distribution of (5.1) in
steady rolling is then according to (4.15c),

]
(SX’Sy) = (UX-W + 3—1;’ Uy+¢x + g_;) s

{ x 7 § % }
3 = uf —— - —— ., T
X 00 ufOO ufoo k=1 j=1 J Jk

{ =+ i ) }
5. = + )‘ Y ozivoot ).
y = ¥oo Moo Wop k=1 j=1 9 9K E

According to (3.51),

¥
I
I
= |'<c
[}
b=
-
>
fe

so that the relative slip due to the tractions of (5.1) becomes

= - I

Sy OO (AE AX & + k§1 321 zjujkrk) s
b
s, = ufy, [An+AX + 7 Z Vik kJ 3
g k=1 j=1
(1-0)E 7/2
A= 57 s B = f Y1-e2sinZeds.
= 0

102,
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When we use the X and Y of (5.1), and we calculate the surface
displacement differences also in the manner of (5.1), we accomplish
that the surface of the half-space outside the contact area is free
of traction, and that the displacement and stress vanish at infinity.
In terms of the boundery conditions (4.16), this means that (4.16c)
and (4.16a) are satisfied. Also, the normal pressure of (5.1) is the
same as the one in (4.16b). So, only condition (%,16d) remains for
the slip region Eg and condition (4.16e) for the locked region E .

We repest these boundary conditions here:

_ oL v
SX-UX‘¢Y + =’ sy = ‘)y+¢x + PP
: = = =yg2 :
L sx/s, vy sy/s, s ¢5x+s§, (5.4)
(x,y)=quoo»/’1-(x/a)2-(y/b)2 [wx,wy] in slip area Eg,

= = = - 2__ 2 3
5,78, 0, |(X,Y)]|suz quOO/1 (x/a)%~(y/b}* in locked area E .

7/

We set

(x*,¥")=(%,Y)/uz=(X,Y)/{uf 61~ (x/a) > (y/0)*}. (5.5)

Then we can reformulate the boundary conditions:

1
T=(X'-w_)2+(Y'=w )2, 8= —— (52452
( it y) ’ e 2 ( " yJ.
: 00 (5.6)
T=0 in E_, *
g
5=0,](X',Y¥')|< 1 in E»

where Eg and Eh are unknown, and follow from the solution of the
problem. We defined S so that it is independent of the factor ufoo
which represents the normal load and the coefficient of friction. Ve
eliminate Eg and Eh from the equations by demanding that the

product TS vanishes everywhere in E. Moreover, |(wx,wy)|=1, so that
the inequality |(X',Y')|< 1 must hold throughout E. So we obtain

for (5.6):

™S =0, |[(X',Y')|< 1 in E. (5.7)

If {5.7) is satisfied, we have found the solution of the problem.
Since TS > 0 for any choice of (X',Y'), we can integrate (5.7) to

obtain
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e
"

Jf wrs axay = 0, [(x',¥)|< 14in E, _
E (5.8)

W = weightfunction > O in E .

Here we have put in a positive weightfunétion W. Again, since
WTS > 0, the integral I > O for anmy thoice of (X',Y'), sq that the
value zero of the integral is actually a minimm. So we can
reformulate (5.8):

= [[ WIS dxdy = minimal, [(X',Y')|<1 in E. (5.9)
E

The two conditions of (5.9) are completely equivalent to the
boundary conditions (5.4), but (5.9) can be used to obtain an
approximate solution, namely by introducing the tractions of (5.1)
into it, with the corresponding relative slip (5.3), and minimizing

the integral with respect to the t_. The inequality [(X',Y')|< 1 is

k.
verified afterwards.

5.12, Numerical analysis.

We summarize the new formulation of the problem:

~

I = [[ WIS axdy is minimal, [(X',Y')|< 1 in E;
E

H
Il

L 2 1 2 2 25 = 2452
(X' )24 (¥'=w )%, u?f,,%8 si+sl,

D
(x',y') = ) ("k k,yk k).
k=t L (5.10)

v, = s./s, vy = sy/s, s = I(Sx'sy] s
¥ P q ,
5, = uigolae-ax L+ )} =5 Vi uds
k=1 j=1
< P 9
X '
By = ufoq (An+AX =+ k£1 j£1 2} v, Tk)'
= (1'U)E/2/é . /

(5.10) is an approximation in the sense that we take along only

=(1) (M2) parameters t,, so that X' and Y' are arbitrary M-th

k
degree polynomials in x end y, the coefficients of which are
determined from condition (5.9).

In order to determine the T from the condition I = minimal, we
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seek the stationary value of I with respect to the Ty by iteration.
We are not certain that the stationary value we find in actually the
gbsolute minimum or even a relative minimum., In practice, however,
we determined I after each iteration step and we found in
practically all cases that at the stationary value, I was indeed the
smallest as compared with the series of values of I obtained during
the iteration. In the cases where this was not so, the solution was
grossly at fault. So there is a strong presumption to believe that
we indeed find a minimum,
At the stationary value,
A .2 [ wms axay = [f v 2B sy = 0, ~(5.11)
k k B B k

This is a difficult equation, as a consequence, principally, of the
complicated dependence of [wx,wy] on T,. We Tind the solution by
NEWION's method: we start with an arbitrary 1_, and proceed by

iteration, as follows:

[T}Z] = arbitrary; (5.12a)
3T TS A
(ark] ‘tk=1i+A'rk fE (Brk] 'rk=1§ dxdy +
D 2
TS =
' !1]; ! 221 [TTFT—L-]TFTE’TFTIE T W0 {(5'1%)

K= 1,2,350045 p = (MH1)(M+2);

d

n+l_n .
T k —-rk+A'rk,

8: a small positive number which can be chosen arbitrarily.

if max lAtkf<6 ma.xl'rn;” then solution is found;
k k (5.12¢)

The equations of (5.12b) are p linear equations in the p unknowns
ATL.
The integrals are evaluated mumerically, by replacing them by un-

weighted sums over a fairly large number of points. This was done

for two reasons, The most important reason is that the integrals

have no physical meaning, so that we are not interested in their
precise value. In fact, ome could directly have used finite sums
instead of integrals in the original equations. Secondly, the

function T, containing as it does the discontinuous functions v, and
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wy, is a function with locally large gradients. This does not render
it very suitable for numerical integration methods involving higher
order differences.

The process (5.12) of successive approximations converges fairly
rapidly: it depends on the behaviour of the resulting function WTS,
and to some extent also on the starting value T;. When in the calcul-
ation of several cases we work in a chainlike fashion, by slowly in-
creasing the creepage eand the spin, and using the previous result as
a starting value, the number of iterations for 6=0,001 (see 5.12¢)
is about 5, sometimes increasing to 7 or 8 when the adhesion area is
large, or dropping down to 3 when the adhesion area is small, The
number of iterations increases slowly with the degree I of the
polynomials X' and Y', In the calculation performed on a series of
33 different values of creepasge and spin, we needed an average of
3.9 iterations per case for I'=2 (12 t's), L,4 iterations per case
for 1=3 (20 t's), and 4.7 iterations per case for M=l (30 1's). The
number 6§ of (5.12¢) was taken equal to 0.001,

In the contact area we took 80 points to approximate the
integral when M=2 or M=3, and about 100 points when M=U, The calcul~
ations proved to be exceedingly lengthy. On the fast Telefunken TRY
computer of Delft Technological University, each iteration step
(5.12b), which consists of the evaluation of the coefficients of the
linear equations and their subsequent solution, took the following

amount of machine time:

M=2, 12 equations, 80 points in the contact area ...18 sec.
M=3, 20 equations, 80 points in the contact area ...35 sec.(5.13)

M=4, 30 equations, 100 points in the contact area ,..87 sec.

Most of the time was used in setting up the equations. These long
calculating times are due to the complicated character of
az(Ts)/arkaT2 (see sec. 5.23), and to the fact that these calcul~
ations have to be performed for every point, that is, they must be
repeated about & hundred times for each iteration step.

' In the calculation outlined above, the inequality |(X',Y')|< 1
is ignored. After the Ty have been determined, we inspect the

solution to see whether |(X',Y')|< 1 in each point (x,y) of the
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contact area. The output of the computer programme has been especially
designed to facilitate this verification, see sec, 5.24, We found
that generally |(X‘,Y')|> 1 at some points, In judging this
sberration, we distinguish three cases, viz. T<§, T>8, and (x,y)

near the edge of the contact area.

In the case T<S, the reduced tangential tractions (X',Y') are
closer to the Coulomb value than the slip is to zero. That means that
the solution at a point where T<S approximates slip area conditions,
in which |(X',Y')| should be equal to unity. That means that the
traction |(X',Y')| we actually find should be regarded as a more or
less succesful approximation of unity. The situation |(X',¥Y')[|> 1,
T<S indeed occurred very frequently in our numerical work, but for
the reason just mentioned should not be used to throw doubt on the
validity of the solution.

Points with [(X',Y')|> 1, T>S do throw doubt on the validity of
the solution. A point of this type we call an aberration of the
solution. Aberrations also occurred in our numerical work, but much
less frequently, and mostly concentrated in a small portion of the
contact area., Solutions with aberrations occur mostly at values of
the spin close to the peaks of fig. 23, sec., 5.33., The argument of
the case T<S does not apply, since the solution at a point with T>S
approximates adhesion area conditions, where |(X',Y')| should be
smaller than unity. One might be tempted to think that where
| (X',Y')| passes the value 1, a slip area with small T should be
found. This is, however, not always the case, since a small value of
T implies not only that |(X',Y')|~s1, but also that the angle between
slip and traction must be small, Mostly this angle is not small in
an aberration.

As to the case that (x,y) is near the edge of the contact area
while |(X',Y')|> 1, we observe that for reasons discussed in sec.

5.13, we used the weight function
We=W, o= 1-x2/a2-y2 /b2, (5.1k4)

A5 e consequence, little weight is attached during the minimalisation
process to the behaviour of the solution near the edge of the contact

ares where W1 is small, and hence in judging the solution in the
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light of the requirement that |(X',Y')|< 1, little importance
should be attached to the behaviour near the edge.

5.13. The choice of the weight function.

The weight function of (5.14) was chosen, because then WT is
proportional to the square of the absolute value of the difference
between the actual tractions (X,Y) and the COULOMB traction
A (wx,wy] , With the proportionality constant quOOZGZ. As a
consequence, u“foo"GZVZ(W1TS) is the square of the rate of work per
unit area done by the difference of the actual tractions (X,Y) and
the COULOMB traction uZ [wx,wy] on the slip V[sx,syJ s if the latter
were in the same direction as the traction difference
[x-uzwx, Y-uZwy) .

We also tried W=1, and compared the total force obtained with
w=w, with the total force obtained with W=1 for the degree M of the
traction polynomials (X',Y') equal to 2 (12 1's), to 3 (20 t's), and
to 4 (30 1's). We did not use higher degrees M, because of the large
amount of machine time, see (5.13). We calculated the force fy=Fy/uH
for a circular contact area, POISSON's ratio 0=0.28, and for pure
lateral creepsege [\)x=¢=0, uy#o) » and also for pure spin [ux=uy=0,
¢#0). The results of the comparison are given in Tables 4 and 5. In
reading the tables it should be remembered that the maximum value of

Table 4., A comparison of fy with W=1 and with W=W,, for M=k,

v_=¢=0 ux=uy=0

Max | Mean Max | Mean

Ify’W=1 - fy,W=W1| 0.016]0,009| 0,046 |0.016

Table 5., A comparison of fy with W=1, W=W,, with the conjectured

value of £ .
y

1°

v_=¢=0 ux=uy=0

W | Max |Mean | W | Max |Mean

1 {0.,022|0.009| 1 |0.044(0,023

1 1 o
132y e =y = el Ty 3 |
W,|0.033[0.011 | W.|0.029(0.018
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fy is 1.
We see from Table 4 that there is a distinet difference

between £ ., .. and £ . _. for M=k, This indicates that we should
VW=, y,w=1

have used a higher value of M in our calculation. The large amount
of machine time precluded that, however.

In table 5 we assume that [%fy is the

=1, el T W= iel)
correct value of fy with which we want to compare the performance of
polynamials with degree M=3. We see from Table 5 that the polynomials
with M=3 give passable results. The weightfunction W=1 performed
better fha.n W=W1 in the case of pure lateral creepage, and W=W1
performed better than W=1 in the case of pure spin. In view of the
fact that the largest errors occur in the case of pure spin, and in
view of the amount of machine time availsble, we decided to adopt

M=3, W=W,, in all our further calculations.

5,14, Final remarks on the method.

It should be observed that the formulation of the boundary
value problem as & minimalization problem is by no means unique. In
fact, one could also minimize the integral [/ WI'S dxdy, but we

E

preferred the integral (5.9), since the integrand is the square of a
rate of work per unit area. A possibility to be considered is m=n=3:
the integrand is then a rate of work per unit area., We tried it for a

single case in which the integrand W,TS gave good results, but it

1
turned out that the iteration did not converge. We suspect that this
is because ¥TS has too large gradients near T=0 and S=0 to be
workable.
A poseibility which has been investigated more fully is the
minimalization of
JI v, T oaxay + [] W, 8 dxdy = minimal,
E
g & (5.15)
|(x*,¥')|< 1 inE .
This form has the drawback that the adhesion area and the slip area
explicitly enter into the minimalization problem. It has the
advantage that for fixed Eg and Eh’ for fixed wx and Wy and 1f W2
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and W3 are functions of (x,y) only, it is a least squares problem,

since S and T are then quadratic in T, . So it has a single stationary
value which is actually the absolute minimum, A situation which
approaches rixed [wx,w&] is that of pure creepage with vanishing
POISSON's ratio o, The variation of Eg and E in all cases turns out
3S, then Eh
T<W_S, Eg should be increased. In the final

27 '3

solution W2T=W3S on the boundary. So, assuming that the solution

continuously changes with the creepage, we see that in the case of

to be simple: if at a certain point of the boundary W2T5w

should be increased, if W

pure creepage with o=0 we find the best solution in the sense of
least squares, and assuming that this feature of (5.15) does not
change when o#0 and ¢#0, we see that there is a strong presumption,
that we will find the solution from the stationary value of (5.15).
and W_ we can obtain (5.9) back.

2 3

One must then take W2=WS, and W3=WT. Note tnat now W2 and W3 depend

also on T and S, which is different from what we assumed before,

Now, by a special choice of W

Seen in this light one can say that in (5.9) WI serves as a weight
function on S in the adhesion area, so that the larger is the
difference of the approximation of the traction and the COULOMB
traction at a certain point, the more importance is attached to a
small value of S at that point, while in the slip area S serves as a
weight function on WT,so that the larger the slip at a certain point,
the more importance is attached to a small difference between the
approximation of the traction and the COULOMB traction at that
point.

It was found that the results of (5.12) compared better with the
experiment than those of (5.15). In view of the fact that by making
(5.15) stationary one probably finds the absolute minimum, we
conclude that the process (5.12) of making (5.9) stationary probably
leads to the absolute minimum of (5.9).

Let us finally return for a moment to the fact that we have
used the tractions of ch. 3, which are so that they vanish at the
edge of the contact area, One might argue that this choice is not a
necessary one, and that one could use any set of tractions which form
a complete set of functions. So one could also use the tractions of

ch. 2, which are infinite at the edge of the contact area., In that
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case the displacement differences can be chosen arbitrarily, for

instance

+

E + V= - .1 2.
u VX todxy, ny 30X

We see that u and v are second degree polynomials, and hence the
corresponding traction in the contact area has the form

1
2]

G{1-(x/a)2-(y/b)2}"? (doo+d1ox+d01y+d20x2+d11xy+d02y2],

6{1=(x/a)2-(y/0)2}”

X

n

Thia

2 2
h (eguteqoxtegirte pxire arre v?) .

4

Moreover, we see from (4%.15c) that the relative slip [sx,sy)=(0,0)
throughout the contact area, so that the integral I of (5.9) actually
venishes. However, |(X,Y)|>>uZ near the edge, from which it appears
that we must reject this solution. So we see that the inequality

| (X,Y) |suZ is indeed essential for the solution of the problem, end
we see that we cannot use the tractions of ch. 2 in a calculation in
which the inequality is verified afterwards., Instead, we use the

tractions of ch. 3, which, as we recall, have the form

q

(X,Y) = a{1-(x/a)2~(y/v) }+§ I (e pq’qu]xpy )

These tractions already reflect something of the inequality
| {X,Y)|suZ, namely, th=y behave correctly at the edge of the contact
area, and the inequality reduces to
P _q q _3ul
M ap v Dy ¥ = 3055 -
This relationship 1s much easier to satisfy that the inequality
P4 D q 3T [ 2_ 2
[T o @S T e B9 | s 528 {1 (x/aPm(y/o)
which obtains in the case that we use the tractions of ch., 2. Indeed,
the tractions of ch. 3 lead to an acceptable spproximative solution
in a great many cases, while, as we saw, the tractions of ch. 2 do

not.

2.2, The computer programme.

In the subsections of the present section, we discuss several

features of the ALGOI~60 computer programme which was written to
perform the iteration described by (5.12). The input is described in
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5.21, in order to give some impression of the degree of generality
of the programme, The possibility to use several forms of the

integrand is desecribed in 5.22, the optimalization of the programme
is discussed in 5.23, and in 5.2% the output is described with the

aid of an example (fig. 12).

5.,21. The input.

To be specified at input are:

a) The degree M of the traction polynomials;
b) The ratio of the axes a/b of the contact ellipse;
c) POISSON's ratio o
d) The points for the calculation of the integral;
e) The number § of (5.12¢);
f) The meximum number of iterations;
g) Creepage and spinj
0

h) If necessary, the starting values Ty

i) Several features of the output.

a) The importance of the generality of M hardly needs adstruction.
Owing to the large amouht of machine time involved, (see (5.13)),
only small values of M (say, up to 6) are of interest. So the
load-displacement equations can be kept in core storage, which is
importent with a view to calculating speed.

a,b,c) The most difficult to adapt to the demand of variasble M, a/b,
and o was the construction of the load-displacement equations.
They are constructed by the machine in such a way that use is made
of the fact that they fall apart into four independent systems of
equations, This was done to avoid the occurrence of unnecessary
zeros in the equations, The load-displacement equations are
computed only once for a whole series of celculations., After they
have been computed, the lengthy procedure needed for their
calculation is placed on tape and the memory space occupied by it
is agein free for use.

d) The points needed for the calculation of the integral are teken so
that they form a rectangular network, the meshlength of which in

the x and y directions can be specified separately.
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e)

f)

g)

h)

i)

Ordinarily, we took 6=0.001. It should be noted that max|At, | in

k
(5.12¢c) is an approximation of the error present in ri. Since in
(5.12b) terms of order At, AT, are neglected, the Tn+1 which we

k™2 k
obtain at the end of the iteration contsins errors of order

max IAT | 2
k- -6

=TT that is, of order 62 = 10™ ",
m"";‘ k

Ordinarily, we set the maximum number of iterations equal to 12.
If affer these 12 iterations the inequality (5.12¢) is not
satisfied, the machine concludes that the calculation diverges,
and proceeds to another case.

Creepage and spin are put in in terms of the significant data of

the following triple loop:
for x:= X, Step AX wntil X do W
for a:= o, step Ao until o, do
for g:= 1 step 1 until & do I (5.16)

begin &:= v[2] cos a; n:= v[e] sin a3
perform the calculation;

end; J

Here, U[1: Re] 1s an array the dimemsion 2  elements of which
are given in the input. o is the angle between the vector (£,n)
and the x-axis; it is given in degrees.

The programme works in a chainlike fashion, teking the resulting

as the starting value TE for the next case. In the first case
o]
k

otherwise, The presence of a set of starting values {T;}

Tx

to be treated, 1, is set equal to zero, unless it is specified
in the
input is indicated by a control word in the input.

The features of the output which are under control of the input

are discussed in sec. 5.2k,

5,22, The form of the integrand.

It was the object during the writing of the programme to put as
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few restrictions on the form of the integrand of I as was possible
in view of the fact that hardly any loss of machine time may be
suffered. So we chose as a general form of the integrand the
function f(x,y,a,b,T,S). f is calculated by a procedure which gives

the values of

* o .o

. * ¥ *
f,f,f,f ,f ,f ,
": differentiation with respect to S, (5.17)
*: differentiation with respect to T,

which are all that is needed from f in the course of the calculation,
as we will see in sec. 5.23. Another function f can esasily be tried
by a modification of the body of the f-procedure alone. In order to
facilitate this, the f-procedure is kept separate from the rest of
the programme. More specifically, it is a pretranslated procedure in
the Delft TRk, :

Up to now, we have extensively tried f=TS and f=W1TS. We also
tried =/ TS. It should be noted in this connection that the form
(5.15) is not caught in this way: a separate programme was written

for it, which actually preceeded the present programme in time,

5,23, Optimalisation of the programme,

With a view to the formidable amount of machine time, the pro-
gramme had to be optimalized as much as possible., Consequently, the
first demand is thet the load-displacement equations, which are
constantly referred to in the course of the calculation, should be
immediately available at all times, Hence they were placed in core
storage., The procedure which computes them is used only once for a
whole series of cases, so it was placed on magnetic tape in order to
save space,

Since every point of the network covering the contact area
gives its contribution to every one of the (M+1)2(M+2)? coefficients
of the linear equations (5.12@), the generation of these equations
takes up most of the machine time. Consequently, these equations are
placed in core storage, and special case is taken to perform the

calculation as efficiently as possible. This optimalisation took the
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form of reducing the number of operations in the innermost loop of
the programme as much as possible. We will give here the analysis
involved.

We introduce the following notations:
= = = P2402.
P sx/ufoo, Q sy/ufoo==%s P2+Q2;

Jk: differentiation with respect to Ty s (5.18)
*: differentiation with respect to T;

": differentiation with respect to S.
J

Hence, by (5.10),

q
= = = 1
L P/VS, Wy Q/v8, P,k 521 zJ ujk’
4 (5.19)
= L ' = ] =
Uy j; 23 Ve X T X Ty = Ve
Also, we set
Us=X'-w, V= y'-wy==> T=U2+v2, (5.20)
We differentiate f(x,y,a,b,T,S) with respect to Tyt That gives
£.=fT_ +f8 (5.21)
R Jk o
We diffcrentiate (5.21) with respect to Tys
* °
Tre ST Taa ¥ 15 10 *
+e'0o0 + (s +T 8 J+r s .S (5.22)
Wk, N W27k k.0 "

We observe that in f and £ occur only the quantities (5.17)
]

k kg
1]
which are produced by the f-procedure.

In order to be able to evaluate (5.21) and (5.22), we must have

the derivatives T,k’ S,k’ T,kl’ S,kE:

S =2pPP_ + 2
" ot 288,

=2P P  +2
kL e T 299 g

(5.23)

S

the latter, since according to (5.19) P i &nd Q , are independent of
] ?

1,. Also,

%"
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L=
n

[l
n

<
n

We differentiate T with respect to T

2uu | + 2V

ok ok 7
X!y - (B/6) | =X:k+ﬁ‘1@
X:k+_j/_§'[ QP ) o
Y - (W) = "k++r

Y', o+ 1 fw w P

-2 .
ok /8 Vxy .k wa,kJ

(PQ;P 'PZQ,1;]=

20

7

(5.24)

That gives after scme

calculation, if we recall that Xk —Y' —0

+

We introduce (5.23), (5.2L), and (5.25)
L 3 t 1 ] 1]
a bilinear form in [x’k, T Py Q’k) and [X’l, Y's P gs Qy). Ve

write 1t in matrix form, as follows:

f
WKL

with

Big™hyae X p™%gs T 0Ves P oS .2

and

>
i

[ [} B
[X,l Y,E P,l Q,E) A11 A12

Aoy B
A3y Ay
_Aln Ao

q

j=1

2f* + LE* U2, A, = Le**yv,

= -2 f'w2 + 4r*'up - hf”UWy

/s

Am=2—fww + 427UQ + LE**Uw

=
[
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V3 Xy
2f* 4+ herrve,

= 2ULU RV VWL 2V,
z P, [Bvap (e -3ew2)e ]+
59, [br-av "2 et (3] @y ]
Lo, [fnmpde s aep o
59, [("x'3"x" ) K3V Ok

into (5.22), Clearly, f

-
Az Ay [ X

]
A23 Ao, 1

A3z A || P
Bys Ath %k

. Q Z z! v
Jl s & j 1 4

(vw v, ) /45,

(0w )18, |

-

jl

(5.25)

k2 18

(5.26a)

(5.26b)

(5.26¢)



_2 # L _ C L _ 1
Aoy = Tz S bET PV - bf me[Uwy v ) /8,

_ 2 e, #e e
a1 £we he' vQ + 4t wa[Uwy-wa]//g,
2 ¥ .
Ays=3ft {w§+3waw§+V(wx-3wxw§)} + 2f +
r L 2 (v ~vw )2-35" "w_w (Uw_~Vw_)+bs P2,
Y Y X Xy ¥ X

A

S
> (5.260)
Ay, =2 H*r_ - 2 - 2
SURNE | v AU [wy 3wywx] W 3way)} +
o we g e N2 $ooo oy N .e
-5t vy LUwy-VwX) +hr [wx-wyj LUwy..va)+uf PQ,
= 2 ¥ o0 2 _ 2 .
Ahh =3 f {wx+3wawx+U[wy 3wywx]} +2f +
¥ 2 £02 Uy v ) 2488w v (Uv -V )+he Q2.
S X\ 'y X Xyyy x )

It should be noted that all three factors of (5.26a) are position
dependent. It should also be observed that if f=W1TS or =TS, only
Bo=hin
a special programme dealing with these cases only. The greater

vanishes identically. So, very little is gained by writing

generality of f in the present programme is thus obtained at hardly
any cost.
A programme which computes the coefficients [f ke /£ %k of the
] t]
equations (5.12b) in a way which is based on the form (5.26a) of
T e is easily given. Its innermost loop might look as follows:
3
1 ] . N
Generate the b4 arrays X,k’ Y,k’ P,k’ Q,k’
comment here and only here the load-displacement
equations are used;
Generate the A..;
1J
comment no array to save time;

pr= (M+1)(M+2)5

for k:= 1 step 1 wntil p do (5.27)
i $= '+ L + : [
begin Cos= Ap X'y + AT F AP F ANQ s
C2:= ves) 03:= vess Ch:= ces}

comment the C. form no arr to save time;
comment 5 array 3

for %:= k step 1 until p do

P 1] ‘4 .
[ gpim T8 g * ORIy ¥ X1+ TP+ G0 s

end; J

By making use of the fact that half of the numbers X'l and Y'l
L] ]
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vanish, (see (5.26b) and (5.,1)), more calculation time can be saved.
Ve avoid the use of subscripted variables as much as possible, since
the cull of a subscripted variable takes more time than the call of

an ordinary variable.

5.24. The output.

In the course of time, the output underwent a number of changes,
We will discuss here only the final version, which was introduced
when 75% of the calculations described in sec. 5.33 were finished. A
page of this output is reproduced in fig, 12. We will discuss this
figure in some detail, in order to give an impression of the
verification of the inequality in (5.9).

The format of the numbers in fig. 12 has three forms:

texxx, #xx: a floating number with exponent at the right (f1);
txxxexx 3 @ fixed point number (£i);p(5.28)

£XXX : an integer (in),

It should be remembered that throughout the programme the major

semi-axis £ is unit of length.

SPIN, MICROSLIP, HOEK: a1(fi) ae(fi) a3(fi)

with a,=X, a,=v, a,=a, see (5.10) .

2 3
Specification of creepage and spin.

UPSX, UPSY, PUI: a,(fi) a, (fi) a3(fi)
with a1=vx/ufoo, a2=uy/ufoo, a3=¢£/ufoo.
TOEG GEV a1(fl) az(fl) GEMAFW as(fl)

with a, = 6 max |rn;1], a, = mex |ATk|, see (5.12¢),
k

f(n)(x,y,a,b,T,S), m: number of points in

o)
i
=3 B

-t~ B

contact area.

We can see from the series of lines TOEG GEV etc, how fast the

iteration process converges. It should be noted that a, gives

2
an approximagtion of the error in the previous iteration. In

combination with the fast convergence when a, gets small (here even

faster than quedratic, when a, << 1) this justifies us to give 6 the

2
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‘6Lt

q/® *gndino oYy jJo =8ed y °g| *F1g

‘g2 o=p ‘S

SPIN,RICROSLIP,HOEK:
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modest value of 0,001, It should also Dbe noted that a3 gives the

+ . .
mean value of f for 1, = To rather than 2 1, which is the one

generated by the iterition% When the lastkvalue of a3 is smaller
than all the previous ones, we conjecture that the stationary value
ig a minimum, It is seen that in the present case this condition is
satisfied.

CONVER
After the machine concludes that the iteration is finished according
to the criterium (5.12c), the word "conver" is printed. If the
iteration is not finished after the number of iterations specified at

input, the word "cycle" is printed and & new case is taken up.

FY FY U2 a1(fi) ae(fi) a_ (fi)

3
with a1=fx=Fx/uN, a2=fy=Fy/uN, a3=mz=MZ/uNc.
The total force and the torsiocnal couple exerted on the lower body by
the upper body.

TAU

(a number of lines of floating numbers)
The Ty of the solution, Taking the inner product with xi and yg (see
(5.1)) gives the traction polynomials X'=X/uZ, and Y'=Y/uZ
respectively. It should be recalled in computing X' and Y' that the
major semi-axis of the ellipse is the unit of length.

uvx

(a number of lines of floating numbers)
The slip polynomials, Taking the inner product with 2xM'l+{1 and EyM';1
(see (5,1)) gives P and Q. The contributions of the creepage and the
spin, which are first degree polynomials, are accounted for in UVX,

AFWIJKINGEN :

T,8,Y,X,F,S,HOEK: a1(fl)ae(fl)a3(in)ah(in)a5(fi)a6(fi)a7(fi)

with a1=T, ay

under consideration, a

=s, (ah,a3) = coordinates in the network of the point
5= Xte4yte, a6=/§, a= angle between traction
and slip in degrees.

This is a list of all the aberrations, i.e. the points of the network
with 7>, [(X',Y')|>1, that is, the points in which the inequality of

(5.9) is not satisfied in the critical case that T>S. In the present
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case, we have that the aberration occurs at the edge of the contact
area, while T is only a little larger then S. So tke solution is
acceptable,

¢,H,A,OPP: a1(1n) az(ln) a3(1n) ah(ln)

with a1=number of separate areas of slip; a2=number of separate areas
of adhesion; a3=number of eberrations; ah=number of points in Eh.
This line gives some statistics regarding the solution. It should be
observed that the solution itself does not specify the division of
the contact area in areas of slip and locked areas, One can only say
that a point with T<<S belongs to the area of slip, while a point
with T>>3 belongs to the area of adhesion, Quite arbitrarily, we set
the boundary between an area of slip and an area of adhesion at the
line T=S., It will be seen later on that in the case represented by
fig. 12 the region where T®S is narrow, so that there is in fact a

sharp distribution between the locked region Eh and the slip region

E .
g
CONTACTVLAK :
T 000 ~1=1=1=1000
etc. etc.

This is a crude picture of the division of the contact area in aress
of slip and adhesion. The numbers at the right were only used to
generate the picture on the left, and to compute the statisties of
G,H, etc. In the picture on the left, the column of integers
indicates the line number {y-coordinate). A point indicates that the
point belongs to the area of slip, an H indicates that it belongs to
the locked area, and an A indicates an aberration. Complete data
regarding the solution at en aberration are found in the AFWIJKINGEN
list, Tt is seen from the picture in fig. 12 that we took a
rectangular mesh of points which has at most 10 points in the x—
direction end 10 points in the y-direction giving a total of 80
points in the contact area,

T,8,INT,X,F,IW, ANF,WS, ARS :

Y: ao(fi)

a1(fl) ae(fl) a,(f1) ah(fi) aS(fi) a6(fi) a7(fi) as(fi) ag(fi)

3
etc.



with a = y-coordinate of the points listed below; a1=T, a2=S, a3=f,

8, = x-coordinate of the point, ag = VX'Z+Y‘Z, ag = VXZ+Y2/ufOOG,
a, = angle between traction and x~axis in degrees, ag = /S,
8 = angle between slip and x~-axis in degrees. The angles &y and

ay ere between 0° and 90°, when X'>0, Y'>0; 5,20, 8,20,

This is a specification of the solution at the point [ah,ao], where
it should be recalled that the major semi-axis is unit of length. The
values of (&h’ao) are specified in the input. From this list we can
Jjudge the quality of the solution. In the case represented by fig.12
one can see from the T and S of the points (~0.35, 0.5),

(-0.25, 0.5), and (-0.15, 0.5) that the distinction between locked
area and slip area is sharply defined., It is also seen that the
solution at y = =-0.5 is of good quality. The angle between slip and
traction is satisfactorily small (up to 30), and the traction is
quite close to the COULOMB value (error up to 4%). The values of f
are all below average, see GEMAFW, The values of f at y = + 0.5 are
above average, and it is seen that the quality of the solution is

much worse than at y = - 0.5. It is worst at the separatrix T = S.

5.3, Numerical results.

The present section is divided into three parts. In 5.31, we
calculate several cases with the object of comparing them with the
experiments of JOHNSON [1,3], and of HAINES and OLLERTON [1]. In 5.31
we treat only cases with circular contact area, since most of the
experimental evidence is so confined.

In 5.32, we try to give a qualitative survey of the behaviour
of the surface stresses occurring under conditions of rolling with
creepage and spin.

Finally, we direct our attention in 5.33 to the total force

exerted by the upper body on the lower body.

5.31. Comparison with the experiment.

We calculated the cases of pure creepage in the x and y
directions respectively, of pure spin and of combined lateral
creepege and spin all for a circular contact area, with the object

of comparing them with the experiments. The results are shown in
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figs. 13 to 17,

In fig. 13, the dimensionless forces fX = Fx/uN and fy = Fy/uN
are plotted against the creepage parameters £ = pr/uc, and
n = uyp/uc, respectively. Also plotted in fig. 13 are JOHNSON's
experimental values taken from [1]. As the theoretical curves for
the degrees M=2,3,4 nearly coinecide, we show only one viz. M=2 for
the g—fx diagram, and M=l for the n-fy diagrem. The weight function

W=1, The agreement is quite satisfactory.
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Fig. 13. The total force due to longitudinal and
lateral creepage. a/b=1, 0=0,28, x=0.
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In fig. 14, fy is plotted as a function of the spin parameter
Xx=¢p/u, for zero creepage. The weight function W=W1. Curves for
M=2,3,4 are shown; where not drawn, the curve for M=2 follows the
curve for M=3, Also given are experimental results taken frow X,L.
JOHNSON [3, fig. 8]. The coefficient of friction was not khown; it
wes adjusted to fit the curve M=h best (p=0.094)., It is seen that
the curve of M=3 lies markedly higher in the region x=0.T7 to x=2.
In this region, a change in the coefficient of friction has little
effect upon the fit of theory and experiment. The curve of M=k in
that region lies somewhat lower than the curve of M=3, but still

above the experimental values.,
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Fig, 14, The total force due to pure spin for various
degrees 1 in comparison with experiments by
JOHNSON. a/b=1, 0=0.28, u=0.09% (estimated).
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Fig. 15, The total force due to combined lateral creepage
and spin in comparison with experiments by
JOHNSON. a/b=1, 0=0.23,
1t X=0; 2: X==0,561; 3: X==2.25; h: X==L,78; 5: x=-9.58.
1,2,3: u=0,0845; 4,5: u=0,104k4,

In fig, 15, the results of the numerical theory are compared with
the experimental evidence of JOHNSON [3] on combined lateral
creepage and spln, l.€, v, =0, (uy,¢)#(0,0). The numerical results

were obtained with the weight function W=W, and the degree M=3. Here

1
also, the coefficient of friction u was not known; however, the

differences between theory and experiment are rather insensitive to
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changes in yp for the curves 1 and 2 of fig. 15 which represent small
values of the spin, so that they give a clear impression of the
deviation of theory and experiment for small spin. The curves 1,2,3
were measured with the same apparatus, so that it seemed natural to
suppose that the coefficient of friction was the same in all three
cases, It was adjusted so as to minimize the difference between
theory and experiment for the curve 3{(p=0.085). As a consequence of
the way in which u was estimated, the correlstion between experiment
and theory for curve 3 is not necessarily as good as the one shown
in fig. 15. JOHNSON performed the experiments for the curves 4 and 5
(large spin) by means of a different apparatus, so that it seems
justified in assuming for curves 4 and 5 a coefficient of frictiom
which differs from the one taken in curves 1,2,3. The p for 4 and 5
was chosen so as to minimize the differences between theory and
experiment in those curves (u=0.104). The differences appeared to be
very sensitive to changes in u. Consequently the correlastion between
experiment and theory is not necessarily as good for the curves 4 and
5 as the one shown in fig. 15.

The moment M agreed badly with the experiments, However, it was
pointed out by JCHNSON [3] that a moment due to elastic hysteresis is
present in the experiments, which is of the same, or even larger
order of magnitude than the moment due to surface friction. So there
is little practical significance attached to the moment MZ as we
calculate 1t, and consequently we omit it from owr further
considerations,

In fig. 16, the results for pure longitudinal creepage,
calculated with th1 end M=3, are compared with the photoelastic
work of HAINES and OLLERTON [1]. In the upper left part of fig. 16,
the circular contect area is divided into an area of adhesion and an
area of slip, the separatrix being assumed to be the line T=S, The
distinction between Eg and Eh is quite sharp. Also shown is the
separatrix according to HAINES and OLLERTON. It is seen that the
lines are guite close. Also shown in fig. 16 is a comparison
between HAINES and OLLERTON's surface stress and our results, The
agreement is best for y=0, and worst for y=0.80., The value of P (see
(5,18)) is shown for y=0., It is seen that it rises sharply in the slip
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Fig. 16. A comparison with the photoelastic
results of HAINES and OLLERTON.
a/b=1, 0=0.5, n=x=0, £=0.90,

zone, and winds itself about zero in the adhesion zone.

In fig. 17, we show the division of the contact area in areas
of slip and adhesion according to the numerical theory, the strip
theory (KAIKER [2]), and the experimental evidence of JOHNSON [4],
which consists of a photograph of the track of a rubber ball rolling
over a sooted transparent plate (JOHNSON [4], fig.8b). The value of
the spin parameter X=1.20, and POISSON's ratio 0=0,50 (for, teking
the rubber ball as the upper body, we have that G >>G~, o =0.503
hence, according to (2.10), G=2G+, 0=0,50, k=0), The longitudinal
creepage ux=0, gc that Fx=0, and uy is chosen so that F_ also

vanishes: that is, we are in fig. 15 at the intersection of the line
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Fig. 17. The separatrix for combined lateral creepage and spin.
0=0.5, £ =0, X=1.20, n= ~0.5T.
1: strip theory. 2: numerical theory.
Broken line: a photograph by JOHNSOIl.

X=1.,20 (not shown) with the n-axis. The theoretical separatrix is
the line T=S, the degree M=3, the weight function W=W1. It is seen
that JOHNSON's contour is asymmetric with respect to the x-axis,
while our contour is symmetric, as it should be with Ux=0, see
(4,26), This is attributed by JOHNSON to the fact that the soot is
swept into the adhesion area in the lower part of the figure, while

it is swept away from the adhesion area in the upper part.

5¢32. Qualitative behaviour of the solution.

In the present section and its subsections, we will make some
observations on the gualitative behaviour of the solution in the
case of pure creepage (¢=0, sec. 5.321), pure spin (ux=uy=0, sec.

5.322), and arbitrary creepage and spin (sec. 5.323).
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5.321., Pure creepage.

In the case of jg;ure creepage, the area of adhesion borders on
the leading edge of the contact area, and it is, according to the
numerical theory, approximately symmetric about the x-axis., In the
cases of purely longitudinal or purely lateral creepage, the form of
the area of adhesion is well predicted by the strip theory of KALKER
[2], which is a generalization of the strip theory due to HAINES and
OLLERTON [1]. According to KAIKER [2], the separatrix is found by
shifting the trailing edge of the contact area parallel to itself

along the x-axis, see fig. 18, where the case of a circular contact

areoc orea of

adhesion Eh

slip Eg

y

Fig., 18, Separatrix sccording to KAIKER [2] for pure creepage.

area is shown, So, in the theory of KAIKER [2], the area of adhesion
is symmetric about the x-axis when there is combined longitudinal and
lateral creepage, but no spin. When the total creepage increases, the
separatrix comes to lie further and further from the trailing edge,
until there is no area of adhesion left and gross sliding commences.
Adhesion areas of this type have been observed by HAINES-OLLERTON [1]
for pure longitudinal creepage, and by HAINES [2] for pure lateral
creepage.

The behaviour of the absolute value of the traction can be seen

from f£ig. 16. Going in the rolling direction along a line parallel to
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the x-axis, the tangential traction first incremses according to
|(X,Y)|=uZ in the slip area, then falls below uZ near the separatrix,
and stays below uZ in the locked area, According to the strip theory
of HAINES end OLLERTON [1] end of KAIKER [2], the curve representing
the traction would have a vertical fanvent at the separatrix.

The traction vectors are in general not parallel to each other.
In the case of pure longitudinal creepage, the traction direction
behaves qualitatively as sketched in fig. 19a. The division of the
contact area in areas of adhesion and slip is not shown, our
considerations are valid both for the area of slip and for the area
of adhesion., y is the angle between the traction and the x-axis, It
is seen that the angle y vanishes on the x-axis, since the traction
is mirror-symmetric about the x~axis, see (4.27). When the
longitudinal creepage changes sign, the direction of the traction is
reversed, that is, the arrows in fig. 19a are reversed. To give an
idea of the magnitude of y, we givs: some values for £=0,8, n=y=0,
a/b=1, 0=0,28. Then Y3 = =Yy = 80! and y), = -y, = 3%, For increasing
|y |, the absolute value of y increases. For increasing longitudinal
creepage |£|, |y| decreases. For increasing values of POISSON's
ratio o, |y| increases up to values of about 20° for ¢=0,5, For

values near unity of the excentricity |e| of the contact ellipse,

20T f 'i
S \1 ).
<Y, ==, P\

B /aL

crespage creepage y

Fig. 19. An impression of the direction of the traction for

a) longitudinal, b) lateral creepage, without spin,
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|v| decreases. It should be remarked that the foremost points of fig.
19a lie in the area Of adhesion or close to it, when |£|=0.8. Deeper
in the adhesion arees, and for smaller values of |£|, the traction
becomes much smaller than the COULCMB value, and its direction
according to the numerical method tends to be erratic. One should not
place undue reliance on the fact that the direction of (X',¥') is
erratic when |(X',Y')|<<1, since the error in the numerical method
may drown the information. We also meet this phencmencn later on.

In the case of pure lateral creepage (Ux=¢=0), the traction
direction behaves qualitatively as sketched in fig. 19b. It is seen
from fig. 19b that on the x-axis the angle B=0, since according to
(4,26), the traction and slip are mirror enti-symmetric about the
x-axis, whenever Ux=0. Also, when under the conditlions of fig. 19b
the lateral creepage changes sign, traction and slip are reversed.

If 1=0.8, E=y=0, a/b=1, 0=0.28, then § = —83=7°, end B,= ’Bh=3o‘ 8|

; |8| decreases for [e|+1, and for

increases for increasing |y
. The foremost points of fig., 19b lie in the area of

increasing |n
adhesion or close to it when |n|=0.8. Deeper in the adhesion ares,
and for smaller values of Inl, the traction becomes much smaller than
the COULOMB value, and its direction according to the numerical
theory tends to be erratic,

We finally observe that the maximum values of |y| and |B| found
here are of the same order of magnitude as the angle 6, of (4.46),
which is the maximum angle between slip and traction in the problem
of infinitesimal creepage and spin., The same values also occur in the
strip theory of KAIKER [2], fig. L.

We leave the discussion of the total force exerted on the lower

body to section 5.33,

5.322. Pure spin.

In the case of pure spin, the area of adhesion is symmetric
sbout the x-axis, in accordance with the symmetry relations (%.26).
In fig. 20, we sketched the division of the contact aree into areas
of slip end adhesion for different values of the spin parameter X.
The separatrix is assumed to be the line T=S. All three figures

correspond to a/b=1, 0=0,28, ux=uy=0. The adhesion areas are shown
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a/b=1, 0=0.28, f: Traction Y and slip Q on the x-axis for x=2.65.
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shaded. The trivial case y=0 has not been sketched; the adhesion
ares then covers the whole of the contact area {free rolling). In
fig. 20a, the case X=0,53 has been sketched. It is seen that slip
commences at the trailing edge of the contact area, but that the
x-axis lies entirely in the adhesion zone. For increasing values of
the spin, the areas of slip grow, while the x-axis remains in the
adhesion zone; the adhesion area becomes narrow in the y-direction
(see fig. 20b, x=1.24), end finally splits into two parts (fig.20c
X=1,95) ., The island on the left is the adhesion area sbout the point
with X?Y=sx=sy=0. The traction vectors from a rotating field about
this adhesion area, see fig. 21. Both slip and traction have a large
gradient there in the numerical solution, see fig., 20f, With further
increasing spin, the adhesion ares on the right of fig. 20c decreases
in size; then it bresks up into small parts (fig. 20d, X=2.65), and
finally venishes (fig. 20e, X > 3). The island on the left remains,
retains the character outlined sbove, but moves inward toward the
centre of the contact area, where the spin pole of LUTZ [1,2,3] and
WERNITZ [1,2] is situated (see (4.93)). The behaviour of the solution
on the x-axis, upon which the island lies, can be gathered from fig.
20f, in which is sketched the relative slip Q (see (5.18)) and the
distribution of the traction Y, both on the x-axis. The circle
represents the COULOMB value of the traction., It is seen that slip
and traction vanish at about the same point in the adhesion island
on the left. It is also seen that going in the rolling direction the
relative slip Q increases sharply with increasing x, attains a
naximum, and decreases again with a much smaller gradient. This
clearly shows the influence of the two small adhesion areas on the
right of fig. 20d. It should be observed, finally, that it is doubt=-
ful whether the two small adhesion areas on the right of fig. 20c¢
actually exist, Indeed T > S,‘bux the difference is small, and,
moreover, the largest contribution to T stems from the fact that the
angle between slip and traction is rather large (up to 14°)., In fact,
for slightly different values of ¢, n , and £, aberrations occur in
thet region, in the sense that |(X,Y)|>uZ, and T > S, The occurrence
of the island on the left is also somewhat doubtful. It is entirely
possible that the tractions have a discontinuity there, and that the
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slip has there a simple zero.

In fig. 21, the traction distribution in the contact area is
shown for various values of the spin. Only half of the contact ares
has been dreswn. The traction distribution is given in the form of
curves of constant ratio between the resultant surface stress |(X,Y)}
and the COULOMB traction uZ in percents. These lines sve symmetric
gbout the x-axis, The arrows represent the direction of the traction
exerted on the lower body; according to (L4,26), the tangential
traction is mirror anti-symmetric about the x-axis, see fig. 19b.

It is seen from fig. 21 that the tractions form a rotating field
with somewhat varying centre of rotation., The spin pole of ILUTZ and
WERNITZ lies in the centre of the contact area, but it is seen that
there is no point X=Y=0 inside the contact area when X=0.53
(fig. 21a), such a point enters the contact area, (fig. 21b, x=1.24),
and slowly moves towards the centre of the contact area with

increasing spin (fig. 21e, x=2.65).

5.323, Arbitrary creepage and spin.

The case of arbitrary creepage and spin lies between the cases
of the spin pole at infinity (pure creepage) and of the spin pole at
the center of the contact area (pure spin). An exemple is sketched
in fig. 22, in the manner of fig. 21. The determining parameters of
fig. 22 are: X=0.70, £=-n=0.50, a/b=1, 0=0.28, M=3, W=W,, The spin
pole of LUTZ and VERNITZ lies on the circle, and has the coordinates
(0.71a, 0.71a), where a is the radius of the contact circle. The
point X=Y=0 lies approximately at (0.25a, 0.50&). Since the traction
is small near this point, it is not clearly defined. Also, when the
paremeters E,n,¥ get larger in absolute value in such a way that the
spin pole retains its position, the absolute value |(X,Y)| of the
traction has e minimum inside the contact area, but no zero. However,
the accuracy of the numerical method is not so that one can come to
a decision on the point whether there is a zero or not. It is seen
from fig. 22 that the traction again forms a rotating field with the
centre somewhere in the first quadrant x>0, y>0. In this quadrant,
the velues of the traction are small, and, especially near the point

X=Y=0, the direction is erratic; this is possibly a case of the error
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b) x=124

Fig. 21. Traction distribution for various values of the spin.

a/b=1, o=0,28, E£=n=0.
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creepage
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?/

Fig. 22, Traction distribution for a case of combined creepege and

spin.
a/b=1, 0=0,28, X=u=0,T, a = =45°,

in the calculation drowning the information.

5.33. The total force transmitted to the lower body.

For fixed ratio of the axes a/b and fixed POISSON's ratio o, one
can imagine surfaces of constant creepage U=/EE:;§ in the three-
dimensional [fx,fy,x]-space. The surfaces of constant creepage all
lie inside the cylinder fi + f§ = 1, or, equivalently, Fi + F§=u2N2.
This cylinder represents the limiting case that EZ+n2+ =, see fig.
2ha,b,c. It was found that the surfaces u=constant form tubes in the
X-direction which lie inside each other, and which have a roughly
circular intersection with the planes X=constant, the radius of the

tube increasing as v increases. The radius decreases when the spin
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becomes larger, i.e. as |X| increases, see fig. 24a,b,c, In the limit
X+« , the force is determined solely by the parameters cE/X, and
-cn/X, which are the coordinates of the spin pole, see (4.93). So
the "radius" of the tube is roughly determined by the quantity v/|x|,
as X > «,

It follows from the considerations of symmetry of sec. 4.2 that
the [X,fy]-plane is a plane of symmetry of the tubes, for when the
point (fx,fy,x) corresponds to (E,n), then (—fx,fy,X] corresponds to
(-£,n), see (4.,23f). It follows from (4.22e) that the tubes are
symmetric about the origin, for if the point (fx’fy’x) corresponds to
(Eyn), then [—fx,-fy,—x) corresponds to (-&,-n). Hence we need for
the construction of the tubes only the pertinent information in the
quarter space fx > 0, X 2 O, When £=n=0, the tube degenerates into a
line in the (f ,X)-plane. This is the case of pure spin, which is
given in fig. 23 for four values of the parameter a/b, with POISSON's
ratio 0=0,28,

The total force transmitted to the lower body was calculated in
a great number of cases, with the degree M=3, the weight function
W=W1, and 0=0,28, First, we calculated the case of pure spin £=n=0
for a/b=2, 1, 0.5, 0.2, The results are shown in fig. 23. Then we
calculated fx and fy as functions of £ snd n, for fixed values of
spin, POISSON's ratio, and ratio of the axes a/b., The values of X
were chosen so that we obtain the plane of pure creepage (x=0), then
two values of X before the neak in fig. 23, one at the peak, and two
after. In fact, we calculated

0=0.28, a/b=2; Xx=0,%,1,2,31,7; varisble £ and n.

0=0,28, a/b=1; X=0,3,1,2,5,10; variable £

0=0,28, a/b=0.5; x=0,1,2,3,5,10; variable £ and n.
£

0=0.28, a/b=0.2; X=0,3,1,2,5,10; variable

and n.
(5.29)

and n.

The case X = « has been treated in sec. 4.4, fig., 10 and 11,
The results of these calculations will be laid down in a report of
the Laboratorium voor Technische Mechanica of the Delft Technological
University. Some results of the calculations with X = constant are
given in fig. 24, all for a/b=1, ¢=0.23,

We also attempted to calculate the case a/b=5, but heres the
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numerical method failed to give results in a large portion of the
curve of pure spin, situated around the peak. Either the iteration
process (5.12) failed to converge, or it gave incorrect results, with
aberrations covering nearly the entire contact area, and with fi+ f§
exceeding unity. By taking special care in the choice of the initial

value 70 s the trouble could be concentrated in a smaller posjition

k
of the curve of pure spin, but even so the solutions obtained showed

many aberrations. We decided to drop the case altogether in view of
the formidable amount of machine time needed to obtain any results

at all, which would be of poor quality as well, Also, the case would
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Fig. 2ka, Lines of constent v and a as functions of fx and fy’

a/b=1, 0=0,28, X=0.

seem to have little practical interest: it is the case of a contact
area which is narrow in the lateral direction, an extreme case of
which is a circular knife rolling over a plane. The trouble in the
case a/b=5 was already foreshadowed in the calculations of the case
a/b=2, where near the peak many sberrations T > 5, |(X,Y)|>uz
occurred, In pure spin also, the resulting values near the peak of
f for a/b=2 were somewhat erratie, which is the reason why that
portion of the curve of fy for a/b=2 is given in fig. 23 with a
broken line,

In fig. 23 we show the case of pure spin, for different values
of a/b. The curve for a/b=0.5 is shown only partially; it goes
through the origin in the same way as the other curves, and on the

right the curve a/b= 0.5 is very close to the curve a/b=2, In fact,
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the values of fy lie slightly higher in the case a/b=0,5, but not
significantly so, It is seen that the curves of fy as functions of X
increase from zero to a maximum, then decrease again, appr-.ching
zero asymptotically. Two competing mechanisms are at work., For small
values of |x|, the effective spin pole lies far from the origin, see
fig. 21. However, the area of adhesion is large, which keeps the mean
absolute value of the traction down as a conseguence of elastic
deformation., As |X| increases, the area of adhesion becomes smaller,
and the mean absolute value of the tractions grows. At the same time,
however, the effective spin pole moves towards the origin.
Consequently, the direction of the traction becomes diversified,
which tends to diminish the total force. Especially for small values
of a/h, the effects appear to keep each other in check for a large
range of values of X around the maximum, for the maximum is very
flat, -

It is seen from fig. 23, that the value of the maximum decreases
when a/b decreases, that is, when the ellipse becomes narrower in the
rolling direction, If we assume tentatively that the effective spin
pole lies in the point (-aa,0), where a is some function of X
independent of the ratio a/b, it is clear that with decreasing a/b
the area occupied by points with a large x-component of the traction
increases, while in the determination of the total force the x-
components cancel each other, owing to the mirror antisymmetry of thé
traction.

It is also seen from fig. 23 that the wvalue of X at which the
maximum is reached, first increases with decreasing a&/b, reaches a
maximum at a/b~0.5, when 0=0,.28, and then decreases again. This is
partially because for the same value of the spin parameter ¢c, a
slender ellipse has a larger area of slip than a non-slender ellipse,
so that the effect of the elastic deformetion described above, dies
out for a smaller value of ¢c,

We now turn our attention to the figures 24, They represent the
case 0=0,28, a/b=1, In the three-dimensional [fx,fy,x]—space
introduced above, they are planes of constant X. In fig. 2hka, X = 0
(pure creepage). Fig. 24b represents a value of X near the pesk of
fig., 23 {x = 2), Fig., 2hc represents a value of X beyond the peak,
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for which fy(ux=0, uy=0)z% max £ : X = 5, In the figures, the
X
tangentials ere lines of constant creepage v = YE2+n2 = constant,

The redials are lines of constant a, where
£ = vcosa, n = usina, v = VE2+n?, a in degrees, {5.30)

in accordance with (5.16).

In fig. 24a, only the first quadrant is shown because when ¥ =0,
there is symmetry asbout both the fx and fy axes, It is seen that the
lines a = 30° and a = 60° are nearly straight, except at the end
v + o , yhere they make a sharp turn., This means that the ratio fx/fy
depends principelly on the ratio £/n for vslues of u up to 1.7. In
fact,

25° < tan™ (1 /) < 27.6° vhen a = 30, 0 < v < 1.T;] a/b=1
¥ (5.31a)

60°, 0 < v < 1,7.| 0=0.28

53° < tan"[fy/fx] < 56.7° vhen a

According to the theory of JOHNSON and VERMEULEN [5], these angles

are constent, and

30°, v > 0y

25,8° when «

L]

tan"[fy/fx]

]
L

tan’1(fy/fx) 55.4° when o = 60°, u > 03 (5.31b)

a/b=1, 0=0,28.

In figs. 24b and 2he, only the first and fourth quadrants are
shown, since the f -axis is a line of symmetry. The curves u=constant
are egg-shaped, with the flat end up. In fig. 2¥b (X = 2.0), the
curves for a = -30° and o = -60° show some waviness. It is not at all
certain whether this waviness actually occurs in practice: it is
quite possible that it is due to evrors in the numerical celculation.
It is seen from fig. 2he that the waviness is completely gone for
X = 5, In fig., 2l4c, the effect of the diminishing radius of the tube

v=constant with increasing X is clearly shown.
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6. Conclusion.

In this final chapter we will review in 6.1 the results which
have been achieved in this thesis, and in 6,2 we will meke some

observations on further research.

6.1. Results achieved.

In this thesis, we confine ourselves to contact problems
between purely elastic bodies which can be approximated by half-
spaces, while the contact area is elliptic in form. The method for
the solution of contact problems with friction which is discussed in
this thesis is, strictly speaking, only valid when the elastic
constants of the bodies are the same, or when both bodies are incom-
pressible, The method gives an approximation in case that these ‘
conditions are not sastisfied. A crude estimate of the error of this
approximation is given in sec. 2.1,

In chapters 2 and 3, we discuss the general theory. It was shown
in 2.2 that a generalized version of GALIN's theorem (GALIN [1],.ch.
2, sec. 8) can be established without recourse to LAME's ellipsoidal
harmonics. As a consequence of this, DOVNOROVICH's method [1] for the
calculation of contact problems without friction on the basis of
GALIN's theorem could be adapted in 2,3 to contact problems in which
there are also frictional forces. DOVNOROVICH's metﬁod was generalized
in 2.4 sqq. in the sense that the connectioﬁ between tractions and
displacement differences was given explicitly for any degree M of the
determining polynomials., In 3.1, the theory is worked out for the
case without traction singularity at the edge of the contact area.
DOVNOROVICH also considered this problem, but he did not arrive at the
simple relationship (3.15)., The examples treated in 3.2 sqq. are all
well-known.

In chapters 4 and 5, we discuss the problem of contact in steady
rolling. The boundery conditions are well established, see e.g. DE
PATER [1] and KAIKER [1]; they are set up in section 4.1, In k.2,, we
derive a number of symmetry relations between the surface tractions
and the slip on the one hand, and creepage and spin on the other

hand. These relations lead to a number of symmetry properties of the
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total force and the total torsional moment as functions of creepage
eand spin, It is also found that the determining parameters of the
problem are a/b, £, n, X, and 0. We have not found the symmetry
relations in this form in the literature.

The limiting case of infinitesimal creepage and spin (sec. 4.3
sqq.) was treated before in the literature, but we generalized it to
elliptic contact areas, KAIKER's proof (see [1], p. 168-169) that no
slip takes place at the leading edge of the contact area when creepage
and spin are infinitesimal, and which is valid for circular contact
areas and vanishing POISSON's ratio, was extended in sec. 4.31 to
elliptic contact areas and arbitrary POISSON's ratio, The creepage
and spin coefficients Ci' (p.91 to 93) coincided with those obtained
in KAIKER [1], pg. 174, when the contact area is circular., It was
found in KATKER [1] that the creepage and spin coefficlents agree
with JOHNSON's experiments [1,2,3], when the contact area is a
circle., In a comparison with the experiments of JOHNSON and
VERMEULEN [5], it was found that C,, agrees well with the experiment
when the contact area is an ellipse., The curious and unexplained
phenomenon that Cog = =C3p» which was noted in KAIKER [1], occurred
also with elliptic contact areas,

The theory of LUTZ [1,2,3] and WERNITZ [1,2] for very large
creepage and spin, which is confined to the case thet Ux=0 or v _=0
when the contact area is an ellipse, was generalized in sec. 4.4 to
the case that v # 0, Uy # 0,

The numerical theory of ch. 5 for steady rolling with arbitrary
creepage and spin, which consists of the minimalization of a certain
integral, appeared to work reasonsbly well for the degree M=3, and
the weight function W=W,. The error in the total force is at most
about 10%, see fig. 15. The error in the traction distribution is
larger, see fig. 16, A qualitstive description of the tractions in
steady rolling is given in sec. 5.32 sqq. The calculations were
carried out for a large number of the defining paremeters a/b,

E, n, X (see (5.29)); POISSON's ratio was kept at 0=0.28 throughout.
The calculations provéd to be exceedingly lengthy, so that in our
opinion the main significance of the theory of ch, 5 lies in the
possibility that existing approximate theories (JOHNSON [1,2,3,4,5],
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wrz [1,2,3] -~ WERNITZ [1,2], DE PATER [1] - KALKER (sec. 4.3 sqq.),
HAINES - OLLERTON [1], KALKER [2]) or theories that will be developed

yet can be tested with the numerical theory.

6.2, Further research.

It would be of interest to have a deeper insight in the inter-
action between the normal and the tangential problem, when k # 0,

Such an interest is mainly academic in the case of the influence
of the tangential traction on the normal problem, An interesting
aspect of such a theory is the change of the contact area as a
consequence of tangential tractions, A simple, non-trivial problem of
this sort is the problem of gross slidirg in Hertzian contact. In

that case, the boundary conditions are

W = ~Ax2-By? + qa,

X =z, ¥ =0 in E, (6.1)
> --sz—By2 + a,

X=Y=2=0 on z = 0, outside E, (6.2)

Displacements and stresses vanish at infinity. (6.3)

In the rotationally symmetric case of pure spin about the z-axis,

X=- —Efz-; s Y =+ —Efg—; y the normal problem is unaffected by the
Vxe+y VXSty

tangential tractions, see SNEDDON [1], ch. V, sec.-31,

The case of the normal problem influencing the tangential
problem is of greater practical interest, especially in the case of
e small cnefficient of friction u. This would be an investigation
into the second approximation of sec. 2.1, This has slready been
carried out for the two-dimensional case of two cylinders rolling
freely over each other, see JOHNSON [h]. In the general three-
dimensional case of rolling contact, the treatment would differ only

slightly from the one given in chapter 5. The only new thing needed

is
H
put _ [31_1] o' [av (6.14)
ax X |x=y=0" 0x 3X ) X=Y=0 *

which can be given as a surface integral derived from (2.11a,b), with

the Hertzian normal pressure
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Z(x',y') = G fOO Y1=(x"/a)?-(y'/b)2. (6.5)

By means of the substitutions of the fundeamental lerma of sec, 2,2,
the double integral derived from (2.11) can be reduced to a single
integral with periodic continuous integrand which is integrated over
the period. So the guantities (6.4) are brought in a numerically
accessible form. The relative slip is then given by (k4.15¢):

Sx T W +[%]= Ut [%glv\@o * [2—21250 ' 1

., -

v oV 9V .
u+x+[—;{-:|=u+x+—- + | ;
y = YD y' [ax}x=x=o [ax}z=o
the only difference with the theory of ch, 5 is, that a known
function is added to 5, and Sy at each point.

An amnalytical investigation into JOHNSON's problem of free

rolling is also feasible in the case of & circular contact area. The

n

(6.6)

8

problem is:

Determine Vs uy and ¢ so, that

= ﬂl. B_u = 1
sx = Ux oy + [ax]X=Y=O + [3x]z=0 0 in E,
8. E u_+¢x + v + -a—v] = 0 in E; (6.7)
y y 9% | ¥=y=0 89X |7=0

No singularity at the edge of the contact area;

7 = £,, G /1-x2/aZ-y?/az,
This investigation could he based on potential theory, using the
methods developed in KAIKER [1].

As a final project we mention the case of instationary rolling:
it is perhaps possible that the theory of ch. 5 can be adapted to

some problems of unsteady rolling.
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Notations.

. N S
Underlined symbols designate vectors. A superscript indicates that
the quantity belongs to the lower body. A superscript  indicates
that the quantity belongs to the upper body. We list only symbols

the meaning of which extends beyond the section where they are

defined.
Symbol Meaning Definition, etc,
a In sec. 1.1: half width of contact | Fig. 2
area
Elsewhere: semi-axis of contact (1.5a)
ellipse in x-direction
& Coefficient of u-polynomial (1.10)
B (No vector) A complete elliptic (3.17)
integral
b In sec, 1,1: coordinate of trailing | Fig. 2
edge of locked area
Elsewhere: semi-axis of contact (1.5a)
ellipse in y-direction
b Coefficient of v-polynomial (1.10)
C. . In sec. 4.32: creepage coefficient | (4.36), Fig. 8
by Table 3
c (No vector) A complete elliptic (3.17), Table 1
integral
c = /ab, geametric mean of semi-axes (3.50)
of contact ellipse
o Coefficient of w-polynomial (1.10)
D (No vector) A complete elliptic (3.17), Table 1
integral
Integer witbh special meaning (2.67)
dPq Coefficient of X'-polynomial (1.9), (4.63)
(Elliptic) contact area (1.5a)
E Slip ares
g 1
Eh Ares of adhesion, also called
locked area
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Symbol

Meaning

Definition, etc.

ER3PL
mn
Eh;2p+e,2q+w
2mte , 2ntw

e
pq

(7,7

FPa
mn

Fh;2p+e,2q+w
2m+e ,2n+w

1(d,i,j,e)
J(x,y)
J{d,i,j,e)
K

X

152.

A certain integral

Exnressed in complete elliptic
integrals

(No vector) Camplete elliptic
integral of the 2nd kind
Signed excentricity of contact
ellipse -
Coefficient of Y'-polynomial

(x,y) components of total
tangential force on lower body.

See also (fx,fy)

Coefficients derived from Eh;ig
Expressed in complete elliptic
integrals

In 5.22, 5.23: integrand of I
Components of dimensionless
total force exerted on lower
body

Modulus of rigidity: combinéd,
upper body, lower body
=min(a/b,b/a). Ratio of axes of
contact ellipse

In ch, 5: an integral to be
minimized ,
A complete elliptic integrai
"Square root singularity"

A complete elliptic integral
Integer connected with the
degree: M=2K+v

{Io vector) Complete elliptic
integral of the 1st kind
Integer; also: major semi-axis

of contact ellipse max(a,b) .

(2.35),(2.48),(2.53)

(2.73),(2.74),(3.22)
(3.17), Table 2
(2.63), Table 2

{(1.9) ,(4.63),(5.1)
(4.2k)

(3.%4),(3.15)

(3.12),(3.13),(3.22)

sec, 5.22

(4.19), Figs. 3, 8,
10, 11, 13, 14, 15,
23, 24

(2.4),(2.10)

(2.63), Table 2
(5.9)
(2.74),(3.1h),(3.21)
(2.21a)
(3.13),(3.14),(3.21)

(2.54)

(3.17), Table 2



Symbol Meaning Definition, etc.

M Degree of traction polynomial (1.9)

Mz Total moment sbout the z~axis (4,24)
on lower body

m, Dimensionless total moment (4, 19)
about z-axis

N Total normal force (3.50)

0 Origin of cartesian coordinate
system, centre of contact aresa,
Also: order of magnitude symbol

P Proportional to x~comnonent of | (5.18)
relative slip

D In ch, 5 only: number of (5.1)
degrees of freedom

Q Proportional to y-component (5,18)
of relative slip

q In ch. 5 only: summation limit | (5.1)

R Distance between two points on | (2.9)
the surface

R;,R;,R;,R; Radii of curvature of bodies in |sec. 3.221
X%, Y2 plane

r Distance from origin to a point | (2.33)
of the plane 2z=0 (except in
sec, 2,1)

s Positive definite function of (5.6)
relative slip

3 Minor semi-axis of contact (2,63)
ellipse min(a,b)

Elsx,sy] Relative slip (vector end (4,15)
components) of upper body
over lower

T Positive definite function of (5.6)
traction difference

t Time
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Meaning

Definition, ete.

)

Wy

(Wx ) "’y]

(X,Y,2)

(%,Y)
(X',Y")
(xa.VsZ)
x-direction
y-direction

z=direction

™

15k,

Displacement differences,

except in 2,41 and 4.31

Elastiec displacement of lower/
upper body

Magnitude of rolling velocity,
except in sec. 5.23

Weight function

A special weight function

Components of unit vector in'
the direction of the slip
(x,y42) components of surface
tractions on lower body
Tengehtial traction components
Traction polynomials

Cartesian coordinate system
{Nearly the) rolling direction
Lateral direction

Inner normal on lower body at
centre of contact area

Normal pressure distribution,
mostly Hertzian

Standard polynomial

x~-derivative of zj

Angle between creepage and
x-8xis in degrees

A small positive number with
several meenings

Parity numbers (0 or 1);
e+e'=1

Lateral creepage parameter
An elastic constant

(neglected in the present work)

Coefficient of friction, assumed

(1.4}, (1.6b)

(4.9), (4. 10)

(5.3)
(5,14)

(1.88)

(4,%0),(4.63),(5.5)

sec, 2

(4.10)

{1.5b)

(5.1)
(5.2)
(4. 104),(5.30)

(2.38)3(4.10);(5.12¢)

(2.54)

(4.20)
(2.10)



Symbol Meaning Definition, ete,

to be constant

v,V Parity numbers (0 or 1)3; v+u'=1 [(2,54)
Longitudinal creepage parameter |[{4,20)

p Characteristic length of the (3.38)
bodies

a,0+,c- Poisson's ratio: combined, upper|(2.4),(2.10)
body, lower body

" Coefficients of traction (5.1)
polynomials
Creepage., In ch. 5: (5.16),(5.30)

giux,uy) Creepage vector, longitudinal (4.11), (k. 14a)
and lsteral creepage

¢ Spin (4.12), (4. 1ka)

X Spin parameter (4.20)

weln? Parity numbers (0 or 1); wtw'=1 |(2,54)
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